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PREFACE TO SECOND EDITION. 



In this work, which has been almost 
entirely rewritten, elastic arches of varia- 
ble cross-section, particulariy concrete and 
reinforced-concrete arches, have been 
treated in great detail; the aim being not 
only to present the theory in a simple, 
convincing manner, but to furnish the 
computer with several examples worked 
in full, so that he should find no difficulty 
in applying the theory, rapidly and with 
certainty, to similar arches. 

In Chapter I the elastic theory is devel- 
oped. In Chapter II the application to 
a concrete arch is given in full. The 
graphical treatment is shorter than that 
given in the author's "Steel-concrete 
Arches," and the " R^sum^ of Operations " 
given should put the draftsman in com- 
plete possession of the method. The alge- 
braic solution that follows is especially 
recommended, however, as it enables the 
pressure line to be estalDlished to any de- 
sirable degree of accuracy. 
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In Chapter III an algebraic solution for 
a three-centered arch is given in great 
detail for a moving load in various posi- 
tions, corresponding to maximum mo- 
ments at critical sections. In Chapter IV 
temperature and allied stresses are found, 
and in Chapter V the method of single 
loads is developed and applied to a rein- 
forced-concrete arch. The method being 
simple and easily followed, the hope is ex- 
pressed that this method of single loads 
may come into more favor than it has in 
the past. The book concludes, in Chapter 
VI, with a treatment of arches with two 
and three hinges. 

Assistance has been derived from Pro- 
fessor Eddy's ''Researches in Graphical 
Statics,'' particularly in the conception of 
placing the trial polygon in true position 
on the arch with respect to the line kk^; 
otherwise the demonstrations and treat- 
ment throughout are original. 

Wm. Cain. 

Chapel Hill, N. C, 
Oct. 1, 1908. 
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THEORY OF SOLID AND BRACED 
ELASTIC ARCHES. 



CHAPTER I. 

EQUILIBRIUM POLYGONS. ELASTIC 

THEORY. 

I. The term solid arch is applied, in 
what follows, to arches of concrete or re- 
inforced concrete, or to metal arches hav* 
ing a continuous web connecting the 
flanges; the term braced arch, to such 
as are braced between the flanges by the 
usual struts and ties, forming any pattern 
of open web. As contradistinguished 
from the voussoir arch, the solid or braced 
arch is capable of supplying tensile re- 
sistances, at any ideal section, when 
needed; though as all arches are com- 
posed of elastic materials, the term elastic 
arch is applicable to any one of them. 
When the solid arch is hinged at one or 
more points (not exceeding three), there 
are, of course, no tensile forces exerted at 
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the hinged joints, so that the hinged 
joints, if any, must be excepted in the 
above definition. 

The theory of the stone or voussoir arch *> 
will fall under that pertaining to the solid 
arch when only compressive forces are 
exerted on the actual joints, as is illus- 
trated" in the author's '^Theory of Vous- 
soir Arches." 

Before entering upon the theory of the 
elastic arch, it is well perhaps to make 
some remarks on equilibrium polygons, 
particularly those pertaining to the barrel 
or cylindrical arch, the only kind treated 
in this book. 

THE USUAL METHOD OF DRAWING AN 
EQUILIBRIUM POLYGON. 

2. The subject is easily introduced by 
considering a portion of a concrete arch 
contained between two vertical planes, 
one foot apart, both planes being perpen- 
dicular to the axis of the arch. Fig. 1 is 
supposed to represent a mid-section of 
such a lamina of a semi-arch, and it will 
be assumed that the thrust S at the crown 
acts at a and is known likewise in magni- 
tude and direction. The weights of the 
arch and load contained between the con- 
secutive verticals at a, 6, c, and d can be 
easily computed and will be designated 
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Pi, P2, Pa, respectively. They, of course, 
act vertically through the centers of 
gravity of the corresponding trapezoids of 
the mid-section. To the left of the arch 
is drawn the force diagram as follows: 
From some convenient point O, lay off S 
in direction and magnitude to the scale of 
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loads; from the left extremity, lay off, to 
the same scale of loads, successively 
Pj, Pj, Pg vertically downwards, and from 
the points of division draw rays to O, the 
pole. Any ray will be designated by the 
letters either side of it. 

The force diagram gives the resultants 
on the sections at a, h, c, d in magnitude 
and direction only. Thus the resultant in 
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magnitude and directioi^ of S and P, is 
ray F^P^; of ray F^F^ and P^ is ray PgPg; 
of ray P2P3 and Pg is ray P3R. The lines 
of action of these resultants on the arch 
are found as follows: Draw Si || ray SPi to 
intersection 1 with P^; then since the re~ 
sultant of S and P^ acts parallel to ray 
PjPj, draw 12 || ray P1P2, to give its line of 
action on the arch. This intersects Pj at 
2. Similarly, since the resultant of ray 
PjPj and P2 is ray PjPa, the line of action 
on the arch of the resultant P2P3 is 23 | 
ray PjPg It intersects Pg at 3, where M \ 
ray PgR gives the line of action of the re- 
sultant of all the forces acting to the 
right of d. 

The polygon al2M is called the equi- 
librium polygoriy or line of pressures, since 
the resultants, which in magnitude equal 
rays SP^, PiPjt P2P8» ^s^} ^-ct respectively 
along al, 12, 23, 3^. 

These resultants meet the vertical sec- 
tions at a, h, c, d, and the dotted line abed 
is called the line of resistance, or line of the 
centers of pressure. 

Now produce 32 to intersection with S 
at n; then n is a point on the resultant of 
Pi and P2 in position on the arch, since 
on combining this resultant of Pi and Pj 
with S acting along an^ the final resultant 
must coincide with n23 as found above. 
Similarly, the resultant of Pj, Pg, and P3 
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must act through w, the intersection of 
dS produced with arrif since 3d is the line 
of action of the resultant of S, P^, Pj, P3, 
as found above. 

Where a large number of forces P^, 
P2, . . . are used, mistakes as to drawing 
a side of the equilibrium polygon parallel 
to the wrong ray can be entirely avoided 
by use of the notation above: 12 1| 
ray P^Pj, 23 1| ray P3P3, etc., the sub- 
scripts having the same numbers as the 
sides. 

3. Moments, — To find the moment 
about o, the center of section at d, of the 
forces S, P^, Pj, Ps acting on the arch 
from the crown to the section; since the 
resultant of these forces is equal in mag-' 
nitude to ray P3R, to the scale of loads, 
and it acts along Sdj the moment required 
is ray P3R multiplied by the length of the 
perpendicular, to the scale of distance, let 
fall from upon Sd. Another expression 
for this moment is found by decomposing 
the resultant (= ray P3R in magnitude) 
at d into a horizontal component H and a 
vertical component, and taking moments 
about of the components. Since the 
vertical component acts in the line ody its 
moment about is zero; hence the mo- 
ment of the resultant is simply H . od and 
is negative if we regard left-handed 
couples as having positive moments. If 
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3d passed above o, the moment would be 
positive. The above principle applies to 
any section. 

On dropping from pole O a perpendicu- 
lar upon the load line, its length is called 
the pole distance, and to the scale of loads 
its value equals H, the horizontal com- 
ponent of any of the resultants S, ray 
PiPj, etc. Thus where the loads are ver- 
tical, the thrusts at any sections have the 
same horizontal component H. If the 
thrusts at sections a, 6, c, acting along the 
lines al, 12, 23, respectively, cut the sec- 
tions at points distant ta, tbi U from their 
centers, the moments about such centers 
of all forces to their right are, respec- 
tively, Hfa, H<5, mtc, these moments 
being positive when the thrusts pass above 
the centers of the sections, negative other- 
wise. 

4. Computation of Ordinates of Equilib- 
rium Polygon. — In the trial equilibrium 
polygons to be subsequently drawn, the 
thrust H at the crown is assumed horizon- 
tal. In Fig. 2 the loads Pj, Pj, . . . , Pr 
are distant x^, Xj, . . . , a from P« at e. 
The equilibrium polygon 1234n is drawn 
as detailed above, 12 || ray P1P2, 23 || ray 
PjP,, etc., and the sides 12, 23, . . . are 
produced to meet the vertical at e in 

h y^ ' ' • • 
From the similarity of triangles in the 
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upper figure and the force diagram, we 
have 



H X. 



hn 

a ' 



,, H x/ •••' H 
On clearing of fractions and adding, 
ma=PiXi+Pyr24- . . . +P,^ = H.en. 





Fio. 2. 

The left member is the sum of the mo- 
ments of the loads about e or P«. Sup- 
pose this computed and that H is known, 
then en=?n«-T-H can be computed. Sim- 
ilarly for the ordinates at 2, 3, ... . In 
this way the polygon 123 . . . n can be 
drawn with great accuracy. The com- 



1 



?5] 8 

putation of Wa is facilitated by a formula 
to be derived. Here m« is the moment 
of all loads from the crown up to P« 
about P«. Similarly, let m^ be the mo- 
ment of all loads from the crown up to Pr 
about Pr. Also call the resultant or sum 
of the loads from the crown up to and 
including P^, Rr, and suppose this resul- 
tant acts c feet from P^; then mr=R,^ 
and ma=Rr(rj-fa). 

.-. m,=mr+Rra. ... (1) 

It will be seen in subsequent articles how 
much this simple formula facilitates the 
computation of m,. 

The formulas above are all true when the 
thrust S at the crown is not horizontal, but acts 
along a line inclined to the horizontal. In this 
case, however, H is the horizontal component 
of S, or the common altitude of all the triangles 
in the force diagram. 

SOME PROPERTIES OF THE EQUILIBRIUM 
POLYGON WITH END MOMENTS. 

5. In Fig. 3 suppose a^axi2 to be the 
neutral line of an arch * subjected to a 
single force P. As we are not yet pre- 
pared to draw the true equilibrium poly- 
gon, we draw a trial one to investigate 

* Defined in Art. 8. 
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some of its properties to be utilized here- 
after. 

Lay off P to scale of force equal to the 
vertical line of the force diagram; assume 
any pole O and draw R^ and R^ from O 
to the extremities of P. Then from any 
point C3 on P, draw qCg || R^, CgCj || Rj to 
intersections c^ and c^ with the verticals 
through a^ and a^. The reaction R. at c^, 
acting from q towards Cj, and the reac- 
tion R2 at Cj, acting from Cj towards Cg, 
will hold P at Cg in equilibrium. From O 
draw F arbitrarily to cut the load line P 
into the two components Vj and V2. 
Then the rjeactions R^ and R, at c^ and c^ 
can be supposed decomposed into the 
components Vj and F at Ci, Vj and F at 
C2, acting as indicated by the arrows. 
Thus P at C3, Vj and F at q, and Vj and 
F at Cj form a system in equilibrium. 

Ne^t, draw an arbitrary line ^1^2 parallel 
to F, and suppose applied two opposed 
forces F at k^ and two opposed forces F 
at ^2, all acting along the line k^kz. This 
does not destroy eauilibrium, but since 
the two forces F acting towards each 
other balance, the effect is to form a 
couple at a^ with F at c, and the remain- 
ing F at A^ii also a couple at aj with F 
at C2 and the remaining F at fcj. If H is 
the horizontal component of the equal 
forces F, on decomposing them at Cj, k^, 
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^2, kz into vertical and horizontal com- 
ponents, we note that, since the vertical 
components act along k^c^ and k^2 respec- 
tively, the moment of the couple at a^ is 
H . k^c^j that at a2 is H . k^^- We shall 
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assume a fictitious structure subjected to 
these end couples, also to Vj at a^, Vj at a^, 
and P at Cj. As we have seen, the system 
is in equilibrium. 
Take any point c in either side of the 
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equilibrium polygon and designate by x 
and d the arms of Vj and P about c. The 
moment of the external forces to the left 
of c about c is 

M^CVjX-H.Vi-Prf), 

if c is to the right of P. If c is to the 
left of P, the term Pd is omitted. 

Another simpler expression can be found 
for M. Thus supply again the two forces 
F acting towards each other at k^ and k^\ 
also suppose two opposed forces R.^ act- 
ing along C1C3, the one acting down at c^, 
the other up at Cg, and two opposed forces 
Rj acting along CgCj, the one acting up at 
Cg, the other down at c^) then we see, by 
reference to the force diagram, that there 
is complete equilibrium at each vertex, 
A^i, Cj, Cg, Co, and fcj. Hence the sum of the 
moments of the supposed forces acting 
at fci, Cj, and Cg about c will be zero. Omit 
now the opposed forces R^ acting along 

C|C2« 

.-. (ViX-H.A;iCi~Pd)-F.cZ=0. 

d is here drawn perpendicular to k^^- 
On drawing ck vertical and resolving F 
acting to the right at k into a horizontal 
component H and a vertical component, 
the moment of the latter about c is zero; 
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hence the moment F . cZ of F about c can 
be replaced by H . fcc. 

.-. M = H. kc. 

If c is taken below the closing line kjc2, as 
we shall call it, the moment of F, and 
therefore M, changes sign. In words this 
formula states that the moment M (as de- 
fined above) aboiU any point in the vertical 
kc is equal to the pole distance H, to the 
scale of forcCf multiplied by the ordinate 
kc from the closing line to a side of the 
equilibrium polygon^ measured to the scale 
of distance. 

If there are a number of forces P act- 
ing vertically, the equilibrium polygon c 
is formed as usual, and it is easily seen 
that the above relation holds for any 
point c. 

Should it be desired to draw kjc^ hori- 
zontal, not changing H, V^, Vj, P, or the 
end couples, then M=ViX— H . k^c^ — ^d is 
unchanged; .'. A:c=M-^H is unchanged, so 
that we simply draw AjjAjj horizontal and 
lay off at Atj, k^y and k^ the ordinates AjjCj, 
A3C3, and AjjCj, the same as before. Other- 
wise, in the force diagram, at the point 
where F intersects the load line, draw a 
horizontal to the right equal to the old 
pole distance H to fix O', the new pole. 
With this new force dias^ram the new 
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polygon is drawn as before. On using the 
f onner values of Aj^c,, fc/^, it will be found 
that kjc2 is horizontal, and kc for any x 
will be the same as before. Let the stu- 
dent make the construction. 

From the relation M = H . Ax;, it is seen 
that if kc is altered in a given ratio, then 
H will be altered in the inverse ratio. 

In the constructions required for the elastic 
arch, the trial equilibrium polygon h (see Fi^. 
11) is first drawn and its closing line mm^ is 
then drawn to satisfy certain conditions; then 
as above, mm^ is supposed to take a certain hor- 
izontal position kk^ on the arch, and finally the 
ordinates from m??i,, now kk^, are altered in a cer- 
tain ratio and the pole distance in the inverse 
ratio. In all of these changes it is seen that V^ 
and Vj are unchanged, the line from O cutting 
off these segments being drawn parallel to kjc^ 
of Fig. 3, or to mm^ of Fig. 11. 

It will eventually be shown that the trial 
polygon 6, after the transformations, has be- 
come the true polygon c on the arch, the end 
moments of the arch being H . a-^^y H . a^c^j the 
pole distance H of polygon c being the horizon- 
tal thrust of the arch. 



THE REINFORCED ARCH. 

6. Formulas for unit stresses, deflec- 
tions, etc., will now be derived for the re- 
inforced arch — the most general case; the 
results for arches of steel, stone, or con- 
crete will follow at once as special cases. 
Let us consider a concrete arch with steel 
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bars embedded in the concrete, as shown 
by the dotted lines in the longitudinal 
section, Fig. 4, and in cross-section by the 
little rectangles in Fig. 5, representing a 
cross-section of the arch anywhere. The 
pair of bars in the same vertical plane will 
be called a rt6, and they may be of any 
pattern (angles, plates, etc.), and con- 
nected by latticing if preiferred, though the 
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latter may possibly be omitted, since the 
concrete is generally capable of taking 
the shearing forces (exerted at right angles 
to the ribs), which are small. It is under- 
stood that the steel bars are free of paint, 
oil, scale, or rust, so that when embedded 
the adhesion between the steel and con- 
crete will be complete and sufficiently 
great to cause the concrete and steel to 



15 [§7 

act as one mass, or, preferably, a mechan- 
ical bond between the steel and concrete 
is used. 

7. The steel ribs are generally spaced 
uniformly a few feet apart, and in conse- 
quence a very rough approximation has to 
be resorted to in practice to apply theory 
to the really very complicated case. 

It is assumed that it is approximately 
correct to consider the material of the up- 
per bars to be distributed uniformly along 
an arch sheet that passes through the cen- 
ter lines of the upper bars, and that the 
material of the lower bars is similarly dis- 
tributed uniformly along an arch sheet 
that passes through the center lines of the 
lower bars; so that if A = area of cross- 
section of the two bars constituting a rib, 
in square feet, and if the ribs are spaced 
b feet apart, then A-=-?> = A2 will be the 
area in square feet of the cross-section 
of steel supposed in a slice of the arch 
contained between two vertical longitudi- 
nal planes one foot apart. It would be 
safer, perhaps, to allow only a fraction of 
Ay in the computation, and certainly it 
would seem advisable to limit 6 to a cer- 
tain maximum, but as this must remain 
for the present a matter of judgment, the 
simple assumption above will be made in 
what follows, and A^ in the formulas can 
be altered to suit the judgment of the 
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engineer. Therefore a longitudinal slice 
of the arch contained between two verti- 
cal planes one foot apart will be assumed 
to have the cross-section, Fig. 6. 
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In this cross-section, which is properly- 
taken perpendicular to the neutral surface 
and approximately at right angles to the 
soffit, 

Aj = area of concrete in square feet; 

Aj^area (shaded) of two steel bars in 
square feet = A -4- 6 ; 

c?i = depth of arch in feet; 

d^ = depth of steel rib in feet; 

k = distance in feet from soffit to cen- 
ter of gravity of steel rib. 

The modulus of elasticity in pounds per 
square foot, 

for concrete =Ej; 

for steel = nEi = E2. 
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8. Stresses Corresponding to Unifoinn 
Shortening, Position of Resultant. Grav- 
ity Axis, — The fundamental fonnula con- 
necting stress and deformation is 

^ Elongation of fiber ^ ^ , . 

' Length of fiber *;' " ^^^ 

where / = stress in pounds per square 
foot if E is expressed in pounds per square 
foot. Suppose a normal stress to be ap- 
plied to the section that shortens all the 
fibers an equal amount. This entails a 
uniform compressive unit stress, say p 
on the concrete, acting on the area Aj, 
and by (1) a unit stress nv on the 
steel acting on an area A2, since we 
have assumed E2=nEi. The resultant 
^^(Ai+nAj) acts at a distance q^ above 
the lower edge of the section, and taking 
moments about that edge, 

g'p(A,+nA2)--=p(Ai -^^nP^). 

Now if for the given steel section we sub- 
stitute n times its given area at the 
same distances from the edges, the area 
of the *' revised section," as we shall call 
it, is A^+nAj. But to find the distance 
q from the lower edge of the revised sec- 
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tion to its center of gravity, we have, on 
taking moments about the lower edge, 

g(Ai + nA^) = (Ai ^ -f nkjc) , 

which determines q and the gravity axis 
nw,. As this formula is identical with the 
preceding, on dividing by p, it is seen that 

Thus a uniform shortening of the fibers 
at the cross-section entails that the re- 
sultant of the stresses shall act through 
the center of gravity of the " revised sec- 
tion," and, conversely, if the normal force 
on the section acts through the center of 
gravity of the revised section, it will 
cause a uniform shortening of the fibers 
there. 

Q. In the next figure (7); the neutral 
surface nvf is defined to be that surface 
where the stress due to bending moments 
only is zero. It will be ^hown in Art. 11 
that this surface practically coincides with 
the gravity axis at each section for usual 
arch rings. 

Fig. 7 gives a side view of a part of the 
supposed arch, 1 foot wide, contained 
between two planes perpendicular to the 
neutral surface nn' and making an angle 
a in circular measure before strain between 
them. A vertical plane midway between 
the faces of the supposed arch intersects 
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the neutral surface in the line nn'=As feet 
in length, which may be called the neutral 
liney and the forces acting upon the arti- 
ficial voussoir considered will have their 
resultants acting in this medial plane; 
Tience the problem is referred to one of 
forces acting in one plane. 

Let R be the resultant of all external 
forces acting upon the section passing 
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through n, the forces considered being the 
right reaction, and all loads acting on the 
arch from the right abutment up to the 
section (or joint) passing through n. As 
we have seen, when the true equilibrium 
polygon has been located, the line of 
action of R is given by the side of the 
equilibrium polygon pertaining to n, and 
its amount and direction, from the ray of 
the force diagram, parallel to this side. 
As a and As will be considered very 
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small, the voussoir can \ye considered with- 
out weight or loads acting on it, and be 
treated as a free body acted on by R and 
the reaction stresses of the part of the 
arch to the left of n upon the section 
through n. To ascertain these stresses, 
conceive applied at n two opposed forces 
+ R, — R, each equal and parallel to R. 
The single force R is thus replaced by a 

couple RR and a force + R acting at n. 
The latter may be decomposed into com- 
ponents T and N tangential and normal 
to nn' at n. The force T will be con- 
sidered in Art. 15. The force N acting: 
along the section is the shearing force^ 
and having but a small effect in the defor- 
mation of the arch, is neglected. 

10. The couple RR is principally effec- 
tive in changing the curvature of the arch, 
and its moment is most conveniently 
found by multiplying the horizontal com- 
ponent of R=H, the pole distance, by the 
vertical distance from n to R. Thus call 
this distance in 'feet = t; then if R is re- 
solved, where the vertical through n cuts 
it, into a horizontal component H and 
a vertical component, the latter acts 
through n; hence the moment M of R 

about n = moment of couple RR = H^. 

.*. M = H^ (in foot-pounds), 

when H is in pounds and t in feet. 
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Let us regard t as positive when R 
passes above n, and negative when R 
passes below n, M will take the sign of t. 

Under the action of this couple, the 
angle a is changed to a', and the curva- 
ture is increased if R cuts the section 
below n (as then the greatest compression 
is at the intrados), and decreased when 
R cuts the section above n. If we call 
Aa = a' —a^ then Aa is positive when M 
is negative, and therefore R acts below n; 
Aa is negative when M is positive, and 
consequently R acts above n. 

II. Call the distance of any fiber from 
nn' = V, this being positive for a fiber 
above nn', negative below. As nn' is very 
small, it can be treated as an arc of a cir- 
cle, and the axis of a fiber in the same 
plane as concentric with it. The length 
of the fiber before flexure is (Js + va), 
after flexure, (Js -f raOj its change of 
length is v(a^ — a) = v .Aa. Calling its 
cross-section = a in square feet, and the 
unit stress on it due to M = / in pounds 
per square foot, the stress on the fibef, if 
of concrete, is 

. V . Aa ^ 

fa = -r—^ «Ei, ... (2) 

As -\- va ^ 

and if of steel, 

, v.Aa ^ ,^. 

/^=:j — ; — ^^-^1 ... (3) 
As -\- va ^ ^ 

by formula (1) above. 
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It is plain that (Js + va) in the de- 
nominators can be replaced by Js, with- 
out appreciable error, when the radius of 
the intrados is large compared with d^. 
The sum of all the stresses (due to flexure 
only) acting on the entire section at n is, 
therefore, 

I(fa)-^I(va),. . . (4) 

where a is to be replaced by na in the 
summation for the steel bars, which is 
the same as if at the distance of each 
steel bar from the neutral axis, n times 
the same area of concrete was taken. 

Recurring to the free body, Fig. 7, in 
equilibrium under the action of R and the 
resisting stresses along section n, since 
the algebraic sum of the components of 
all these forces perpendicular to section 
at n equals zero (by a law of mechanics), 
and since T, the component of R, is 
directly balanced by the stresses that 
cause a uniform shortening of the fibers 
on the section (Art. 8), it follows that 
the remaining normal stresses (due to M) 
must balance independently: 

.-. Ifa = or Iva = Oy 

which shows that the neutral axis nn^ 
passes through the center of gravity of 
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the revised area of the section, and hence 
is at a distance q, as given in Art. 8, from 
the soffit. 

12. Change in the Inclination of End 
Tangents, — The moment of the stress (a/) 
on any fiber about n is {afv): 

.-. M = liafv) = ^,^I{v^a) 

for the revised area. 

Designating by 1^ the moment of iner- 
tia of the concrete (of area AJ, and by I, 
the moment of inertia of the actual area 
of steel, A2 (Fig. 6), both in feet, 

Iv^a = I{v^a) for concrete + ^^(^^071) for 
steel = Ij + nlj. 

.-. M = E,^(I, -f nl,). 

' ' "'' E,(Ii + nl,y ' • ^^^ 

By reference to Fig. 7, and noting that 
the sections were drawn perpendicular to 
the neutral axis, it is seen that (5) gives 
Ja, or the change in the angle between 
the tangents to the neutral line at n 

and n\ due to the couple RR, whose mo- 
ment is M. This approaches the exact 
truth as near as we please, as a and Js 
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approach zero indefinitely. Therefore, if 
we could proceed by analysis alone, Aa 
and As would be replaced by da and ds 
in (5), and the result integrated to find 
the change in the inclination of the end 
tangents of the neutral line, corresponding 
to a length s measured along that arc. 

13. To apply the graphical method, how- 
ever, an approximation must be intro- 
duced here whose significance must be 
carefully noted. The assumption is that 
for an appreciable length of As (several 
feet, for instance), Aa is given by (5), 
provided M is taken as constant and 
equal to the value corresponding to the 
mid-point of nn^ , Fig. 7, or JJs distant 
from either n or n', Ej, Ij, and 1^ being 
likewise taken there. 

As the total change in the inclination of the 
end tangents for a length 8 is the sum of all th^ 
infinitesimal changes for the part of the arch 
considered, or 

^ (E,(I, + nI,)^) ' 

As being very small, the assumption above is 
that this expression is equal approximately to 

where 8 = I{As), Mp is the moment at the mid- 
dle of 8, and E,, I,, and l^ the corresponding 
quantities at the same point. 
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This assumption, though not exact, is the 
most reasonable that can be made, but it can 
only be tested for I, and Ig variable in a numer- 
ical example. If Ej, I,, Ij are constant, as for 
an arch ring of the same cross-section, and E, 
constant throughout, and As is also constant, 
then the previous supposed equality reduces to 

so that if 8 is laid off along a line and divided 
into the equal lengths Js, and ordinates M are 
laid off (say) at the middle of each J«, then 
I{}ILJs) represents an area and Mg is its mean 
ordinate. Now, as M is proportional to f (§ 5), 
and calling t^ the value of t corresponding to 
M^, if the true equilibrium curve for the arch 
pertaining to the space s considered satisfies the 
condition I(tJs)=Ls, then the assumption is 
exactly realized. Tnis will be nearly true if the 
successive values of t are equal or are increasing 
in going from one end of s to the other, or de- 
creasing over the same length, but not for the 
case where t increases over a part of s and de- 
creases over the remainder, as a rule. The 
extreme limit of error is reached when Iq, the 
vertical distance from the middle of s on the 
neutral axis to the equilibrium curve, is greater 
than any of the other fs over the same length s. 
This cannot be ^larded against in advance, but 
a study of equilibrium curves shows that it can 
generally happen on only two divisions of the 
neutral line, and even here the error is often 
slight in consequence of the curve running nearly 
parallel to the neutral line for a good part of a 
usual division. 

14. Unit Stresses due to Bending, — Let 
/i = stress per square foot on an extreme 
fiber of the concrete, vv^hose distance from 
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the neutral axis is Vi feet; then from 

^(x Ace 

(2), /i = 'yiEi -j--, and eliminating -j— be- 
tween this equation and (5), we find 



A= 



li + nia' 



Similarly, the stress per square foot in an 
extreme fiber of the steel = /j, distant 
V2 feet from the neutral axis, from (3) 
and (5) is 

These two stresses are duo entirely to the 
couple whose moment is M. 

15. The stresses dvje to T, the^ compo- 
nent of R acting normal to the section at 
n, have now to be evaluated. As shown 
in Art. 8, the force T causes a uniform 
shortening of the fibers. This uniform 
shortening entails a uniform compressive 
unit stress = p on the concrete acting on 
the area A, , and a unit stress np on the 
steel (both in pounds per square foot) 
acting on an area Aj. Then, as in Art. 8, 

T = 7>(A, +nA2), 

from which p = T-7-(Ai + nAj), 

■ and np = r?T -i- (Aj + nAj). 
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i6. Total Unit Stresses. — From the last 
two articles are derived the total unit 
stress Si in pounds per square foot, exerted 
on the concrete at the upper or lower 
edges of the cross-section, 



Si = 



T 



Mv, 



Aj + nAj Ij H- nl2 



(6) 



and the total unit stress §2 iii pounds per 
square foot, experienced by the upper 
and lower bars of the steel, 



-ix 



± 



Mv, 



4- nA2 Ij -f- nl 



h ■ 



(7) 



All dimensions in these formulas are in 
feet. 

For sections symmetrical with respect 
to the neutral line, Fig. 6, 



d. 



d. 



^^r ""'^r 



Vo = 



__u,2 



2' 






Therefore 
T 



8l = 



S, 



± 



Mv^ 



K + ^Aj -^d^^ +nk2V2^' 
T Mv, 



k 



+ ^Aj i^ii'-f nA. 



^')" 



(8> 
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Since the slice of the arch considered is 
one foot thick, for a concrete or reinf orced- 
concrete or stone arch, A^=d^X^=d^. 
Also for a concrete arch without rein- 
forcement, the formula for s^ gives the 
maximum stresses on simply making n = 0. 

For a steel arch consisting of parallel 
flanges and a solid web. A, is the total 
area of cross-section and 1^ is its moment 
of inertia about the gravity axis. With 
this designation, and calling d^ = 2vi the 
depth of rib, formula (6) gives the maximum 
stresses in the flanges on putting n = 0. 

For the braced arch it is more con- 
venient to use the method of Art. 87. 

Note. — If the resultant force acting on 
a cross-section of the arch ring meets it 
at a distance z from its center of gravity, 
as found in Art. 8, we can replace M by 
Tz in the formulas. When the fiber 
stress is zero at an edge, on placing 
Sj = in (6), using the minus sign for the 
second term, the equation can then be 
solved for 2, giving the distance the re- 
sultant must act from the center of gravity 
so a > to cause no stress in the edge on the 
other side of the center from the result- 
ant. Two points can be thus found, 
called core points. If the resu'tant acts 
between the two (in the core), there can 
be only compression at either edge; if 
it acts outside the line joining the* two 
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points, tension is exerted at one edge. 
For a concrete arch n=0, and putting 
§1=0, we find z=id; so that if the re- 
sultant on the section lies in its "middle 
third/' only compression will be exerted 
throughout the cross-section. 

CONDITIONS FOR EQUILIBRIUM OF ARCH 
W^TH NO HINGES. 

17. The neutral line, for the case where 
the steel bars are symmetrically placed 
with respect to the center line of the arch 
ring, is the center line itself, and can at 
once be laid off. 

For an unsymmetrical cross-section, 
points in the neutral line must be found 
and laid off by aid of the formula for g. 
Art. 8, and a curve traced through them. 

In either case let abc, Fig. 8, repre- 
sent the neutral line of an unstrained 
arch with fixed. end tangents, and let s 
represent a length of the neutral line 
whose center is at b. When the arch is 
loaded either with its own weight only 
or, in addition, with a live load, the neu- 
tral line changes shape, and it was agreed 
in Art. 13 to regard the change in the 
inclination of the end tangents to the 
neutral arc s, as given by the formula 

._ Ms 
E.(I,+7;I,)' 
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where n and E^ are constant, and M, Ij, 
and I2 are taken at 6, the middle of are s. 
Regard the end c temporarily free^ 
then the bending in s alone will cause a 
rotation of the arc be about b equal to dy 
so that a line be will rotate through an 
infinitesimal distance ee, taken as per- 
pendicular to be. Take c as origin, ea 
the axis of x and axis of y vertical, and call 
the co-ordinates of 6, x and y. Draw ed 




FiQ. 8. 

perpendicular to ca; then from similarity 
of triangles, 

cd=j-y=yO, de=j--x=x0. 

The exact result would of course be 
found by dividing s into infinitesimal 
lengths Js, and regarding the rotation to 
take place about the end of each little 
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portion in turn, x and y thus having 
values above and below the means taken 
for h (the middle of s). We assume, 
therefore, in the graphical treatment to 
follow, if M, Ij, I2, x, y are all taken 
at the mid-point of arc s, as a port of 
average, that the horizontal and vertical 
deflections of c, due to s, are given nearly 
by the above equations. 

The total horizontal and vertical dis- 
placements of c due to the bending of all 
portions of the arch are then given by 
I{ye), 2{xe), or 

„ Mst/ „ Msa: 



^E,(I, +nl,)' -E,(I, -hnl^r 

respectively, the summation including all 
the segments of the arch. The total 
change of inclination of tangents at a and 
c is, similarly, 

Ms 

For an arch " fixed at the ends '^ and 
with no hinges, these three sums are 
zero; hence we have the three condi- 
tions to be fulfilled, corresponding to end 
tangents fixed in direction, span invaria- 
ble, and vertical deflection of c with re- 
spect to a, zero: 
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Ms 



^^^ =0 (10) 



Mxs 
EjTT+nQ 



= 0. . . . (11) 



All dimensions being taken in feet, and 
M expressed in foot-pounds. 

DEFLECTION AT THE CROWN. 

i8. When by methods to be given later 
the values of t have been accurately com" 
jmted at the center of each division s, 
say to 0.001 ft., then the downward de- 
flection at the crown for the loading can 
be closely predicted. 

In the discussion of the preceding arti- 
cle, if c is taken at the crown and x reck- 
oned from that point, we find de=^xO, 
the deflection of c due to the bending of 
one division s, as before; hence the lower- 
ing of the crown is given by the formula 

^^- ^E,(I,+r.I,)" ^E,(I,+nI,)' ^^^^ 

where the summation extends over the 
semi-arch only. The minus sign is used 
because, by the convention of Art. 10, the 
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deflection of c is downwards when t is 
negative, upwards when t is positive. Of 
course the signs of t must be regarded in 

Hs 

the summation, ^prr? ft can be put 

E,(I,+nl2) 

before the sign I if the arch ring is di- 
vided ^o that s-^Ei(Ii4-nl2) is constant. 

PIVISION OF THE NEUTRAL AXIS. 

IQ. Recurring to the conditions (9), 
(10), (11), to be fulfilled by the equiUb- 
rium polygon for an arch " fixed at the 
ends," replacing M by H^ and regarding 
1^1 (the modulus for concrete) as con- 
stant throughout the arch ring, we note, 
if the neutral line can be so divided that 
s-^(Il + nl^ is constant for each divi- 

H s 
sion, that ^r 7? 7-^ can be placed before 

the sign of summation and the three con- 
ditions (9), (10), (11) reduce to 

2*^=0, I{tx)=Q, l(ty)=^0, . (13) 

It will be shown in detail in Arts. 20 
and 63 how this division can be easily 
made for both concrete and reinforced- 
concrete arches. The method to follow 
for steel arches is thus plainly indicated. 



CHAPTER II. 

APPLICATION OF THE ELASTIC THEORY 
TO A PLAIN CONCRETE ARCH. 

DIVISION OF THE NEUTRAL AXIS. 

20. The object is to di\dde the neutral 
line from the springing to the crown into 
n lengths, s^ $2^ . . . y Snj so that 

=1=—^= . . . =Y^ = constant. 

Here s^ is the first length from the spring- 
ing and Ij the value of I at its mid-point; 
S2 is the second length and Ij the value 
of the moment of inertia I at its mid- 
point, and so on. 

For a plain concrete arch, I^-^^d^^ 
where d is the radial depth of the arch 
at the center of s, so that the above con- 
dition may be put in the form 

-;;:=* constant. 
d^ 

A practical solution can be made by the 
trial-and-error method, which will be ilhis- 
trated by an example. 

34 
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In the arch shown in Fig. 11, the radial 
depths d at various distances I from the 
center of the springing, measured along 
the neutral line, were measured, and the 
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Fig. 9. 

values of d' plotted to scale as ordinates 
in Fig. 9, the corresponding values of I 
being laid off as abscissas. If we desire 
to divide the semi-arch into about n 
divisions, calling the length of the neutral 
axis from the springing to the crown Z^, 
then IJn will be the average length of 
one division, and if da is the depth mid- 
way between the spring and the crown, 
we have, approximately. 



IJn 
da' 



= constant above. 
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Thus by measurement in Fig. 11 we find 
Zc=l7.6 ft., do=2.78, and if we desire 
about 4 divisions, 

As the result is not exact, and besides, 
as generally, one division more or less is 
of no moment, the value of the ratio can 
be changed slightly for ease of computa* 
tion. Thus write 

~3=0.2; .-. s=0.2d^ 

which will suffice for a first trial. 

Let I = distance along the neutral axis 
from the springing to ihe middle of s,, 
§2, . . . , Sn, in turn. For any value of /, 
Fig. 9 gives the value corresponding of 
d^, which is used below. The work now 
proceeds as follows: 

Try Si=8. At Z= Jsi = 4, d^=h%. 

.-. 8=0.2^5=0.2X56 = 11.2. Thus the 
assumed s^ is too small. 

Try Si = 10, ,\ l=h, s=0.2X46 = 9.2, or 
the assumed Sy is too great. 

Try s, = 9.6, .'. Z=4.8, s = 0.2X47.8=- 
9.56. 

The assumed and computed s^ now 
practically agree. 

Next we assume S2=4, .*. Z=Si + Js2== 
9.6+2. .-. s = 0.2X13.3 = 2.7. 
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Try 82=2.8, .-. Z = 9.6 + 14=ll, .*. d^= 
14.2,. and s= 0.2X14.2 = 2.8. /. S2=2.8 

Trvs3 = 2,Z = Si-fS2 + is3=9.6+2.8 + l = 
13.4/.-. 5=0.2X10=2. .-. 83=2. 

Try 84=1.6, l={s^+ ... +83)H-is4= 
15.2, .-. 8=0.2X8.6=1.7. .*. 8^=1.7. 

Si+S2+.S3+S4 = 9'6 +2.8+2 + 1.7 = 16.1. 

Try 85=1.7, .-. Z= 16.1 +0.8 = 16.9, .'. 
8 = 0.2X8.4=1.7, as assumed. 

The total length now = 81+ ... +85= 
17.8, or 0.2 over the measured length to 
the crown. If the number of divisions is 
satisfactor}'^, this small excess can be dis- 
tributed amongst the several divisions in 
proportion to their length, with sufficient 
accuracy. Thus 0.20 -;- 17.8 = 0.01, whence 
we subtract from 8^, 9.6 X. 01 = 0.10; from 
82, 2.8 X. 01 = .03; from 83, 8„ and 85, 0.02 
each; giving the final values 8i = 9.50, 
82 = 2.77, 83=1.98, 84=1.68, and 85=1.68, 
whose sum is 17.61, which is within 0.01 
of the measured length. 

In case the difference is much greater 
than 0.2, the new lengths may be com- 
puted as above and used as trial lengths 
for a second **trial-and-error ^' computa- 
tion, and the results again corrected as 
shown. A third trial is never needed. 

Suppose, for example, that only four 
divisions of the semi-arch are desired; 
then using the first computed values, 
Si + Sj + 83 + 84 = 16.1 ft., which lacks 
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1.5 ft. of the length 17.6 ft. from crown 
to springing. The increase per foot is 
1.5/16.1=0.093. The increases of s„ 
Sj, Sj, 84 are thus: 9.6 X .093 = 0.90, 
2.8 X .093 = 0.26, 2 X .093 = 0.19, and 
1. 7 X. 093 = 0.16, respectively, giving for 
the new trial values of 

SlJ 82, Sg, S4, 

10.49, 3.06, 2.19, 1.86, 

respectively. At Jsi = 5.2, d' = 44; hence 

this trial, :^,= ?^=0.24=''constant." 
di^ 44 

.-. s=0,24d\ 

Proceeding exactly as above, by the *' trial- 
and-error " method, we very quickly find 

«i = 10.49, §2=3.00, S3 =2. 16, 84 = 1.97. 

The sum is 17.62, practically exact, so 
that no further adjustment is required. 
It will be observed that these values are 
nearly those found above, so that the 
proportional method seems to give nearly 
accurate results, even in the case of large 
differences. 

For the accurate computation of the 
stresses in an arch, the number of divi- 
sions of the semi-arch should be at least 
ten, and for very large arches, fourteen 
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or more. As the object, in the invest!- 
gation of the arch shown in Fig. 11, is to 
illustrate methods, only four divisions (as 
just found) were used in order to make a 
clear figure and shorten the discussion. 

In connection with reinforced arches, it may 
be observed that when a diagram has been pre- 
pared similar to Fig. 9, giving for any I the cor- 
responding moment of mertia, the subsequent 
work is no longer than for plain concrete arches, 
as illustrated above. Also, the rough rule to 
ensure (about) a certain number of divisions ia 
of utility. 

" Thus for the 50-foot span treated in the 
writer's "Theory of Steel-concrete Arches," at 
Z/. 2Q 
^='=f = 14.5, d = 1.35 and I =Ii+ 201^=0.256. 

Hence if ten divisions of the semi-arch are de- 
sired, Zc/10 =29/10 =2.9. 

.'• ^=^^ = 11.3 = "constant." 
1 U..^oo 

The actual final constant found was 11.5, which 
shows that the rule is a working one. It actually 
gives ten divisions in this instance. 

Example. — Divide the semi-arch ring above, 
to satisfy the condition s 4-1 = constant, into 6 
parts. 

Although a diagram, Fig. 9, was used 
above for clearness, it is generally not 
necessary except perhaps for a reinforced 
arch, since the values of d^ can be taken 
at once out of the tables, after the value 
of d has been scaled at the middle of the 
assumed division on the arch. It defaces 
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the drawing much less, however, to use a 
diagram, and it is advisable not to have 
too many holes pricked in the paper, par- 
ticularly in the vicinity of points a. 

It has been doubtless remarked that 
the values of s^ are much larger than the 
value of s next the crown. When it is 
observed, however, that the moment of 
inertia at the spring is nearly 16 times 
that at the croTvn, it is evident that the 
resistance to bending near the abutment 
is so much greater there than near the 
crown, that we should expect the elastic 
curve and pressure line to be determined 
mainly by the uf per part of the arch. 

It may be objected that in the applica- 
tions of the elastic theory, the abutments 
are taken as inelastic, as well as the foun- 
dations, whereas both are elastic. True, 
but suppose an ordinary sized abutment 
is included as part of the arch ring (after 
rounding off corners, too); its moment of 
inertia is usually so much greater than 
that of the arch ring that its effect on 
distortion, and therefore on the pressure 
curve, is absolutely nes:li?ible. For a 
still stronger reason, the elasticity of a 
good foundation — especially one of rock 
— can be ignored. If the foundation is 
doubtful, perhaps a three-hinged arch 
should be built. If the abutment is very 
small — scarcely more than a continuation 
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of the arch — it should undoubtedly be 
treated as a part of the elastic arch. 

If we suppose the radial depths of arch 
ring to approach equality everywhere, the 
lengths Sj, Sj^ • • • approach equality. For 
a constant depth they are exactly equal. 

COMPUTATION OF LOADS. 

21. The neutral line of the symmetrical 
arch shown in Fig. 11 is assumed to be a 
circular arc with span 30 ft. and rise 8 ft. 
The radial depth of the arch ring at the 
spring is taken at 5 ft., at the crown 2 ft.^ 
and the earth filling is assumed to extend 
3 ft. above the crown. Circular curves 
are drawn for the extrados and intrados 
equidistant from the neutral line. 

The plain concrete arch is supposed to 
weigh 150 lbs. per cubic foot, the earth 
filling § this amount, or 100 lbs. per cubic 
foot. The ordinates from the extrados to 
the upper limit of the backing are now 
reduced to § the original length, so that 
the new upper limit corresponds to a fill- 
ing of the same density as that of the arch 
ring. 

Having laid off, along the neutral line, 
from the center of each springing the 
successive lengths Si = 10.49, ^2=3, 8^= 
2.16, S4 = 1.97, found in the preceding arti- 
cle, up to the crown, the mid-points of 
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each division are found by dividers and 
marked in order from the right springing 
to the left, a^y o^, . . . , a,, as shown on the 
figure. 

Vertical lines are now drawn through 
«!,..., ttg and other points shown, lim- 
ited by the reduced contour of the earth 
filling and the intrados, and the areas in 
square feet included between any two con- 
secutive verticals are computed. Since 
the slice of the arch considered is one 
foot thick, these areas are also the vol- 
umes of the corresponding parts, and it is 
only necessary to multiply them by 150 
to get the weights in pounds of the parts 
considered. 

Where the divisions are narrow, the 
corresponding forces P are assumed to 
act along the dotted verticals, each mid- 
way between the consecutive full lines, 
limiting the divisions. 

In any case the following well-known graph- 
ical construction will determine the center oi 
gravity of the trapezoid (see Fig. 10). 

Bisect the parallel sides AB and CD at E 
and F. Draw EF. 

Produce BA a distance AI = CD = length of 
side parallel to BA. Produce DC a distance 
CH=AB. 

Draw IH. Where it intersects EF is G, the 
center of gravity of the trapezoid ABCD. 

All dimensions throughout should be 
read to hundredths of a foot. As the 
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space from a^ to 03 is rather large, a full 
vertical midway between a, and aj was 
drawn and the forces P^, P/ computed; 
also P^, the weight from the vertical at 
tti to the vertical through the inner edge 
of the springing joint, was ascertained. 
Lastly, the weight vertically over the 




Fio. 10. 



springing joint was found to be 5670 lbs. 
The other weights in pounds are: 



P, =2176, 
Pi =3254, 
P/=2434, 



Pj=1695, 
P3=1276, 
P,= 612. 



These are laid off from O vertically up- 
wards, to scale of loads, in the order 
P4, Ps, . . . , 0', the subscripts only being 
retained on '*the load line." 
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For the left half a live load of 800 lbs. 
per square foot is assumed from the left 
abutment to the vertical through a^. 
This corresponds to a locomotive load of 
10,000 lbs. per linear foot, distributed 
through cross-ties and earth over 12^ ft. 

The load Pg from the crown to a^ = 
load P^ from crown to a^. Similarly 
Pe=P3. The other dead loads must now 
be augmented by the live loads resting 
on the division, giving, in pounds, 

Py =P2 +2.50X800=3695; 
Pg' = P/ +2.95 X800 = 4794; 
Pg =Pi +2.94X800=5606; 
P^ =Po +1.48X800 = 3360. 
Over spring 0=5670+4.14X800=8982. 

These loads are laid oflF , in the order 
Pg, Pg, . . . , O, from the center of the left 
spring vertically downwards, thus com- 
pleting the load line. 

To lay oflF the loads accurately, their 
sum from the ton downward should be 
computed and laid oflF to avoid errors 
being carried on. 

The computer should not begin his work until 
he is provided with Barlow's " Table of Squares, 
Cubes, etc./* and Crelle's "Rechentafeln/' the 
last-named work ^ving the product of three- 
figure numbers by sinr il ar numbers . Multiplica- 
tions of any two numbers are made with ease 
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and accuracy. Certain divisions, too, are at once 
taken out; but the method is not so well adapted 
to division of large numbers. Of course a small' 
slide rule is always serviceable, and Thacher's 
large one can take the place of the Rechentafeln. 
Logarithms are but rarely used in the computa- 
tions. 1 



CONSTRUCTION OP THE TRIAL EQUILIB- 
RIUM POLYGON. 

22. Let US assume a horizontal thrust 
at the crown, and draw from O, the divi- 
sion point between the segments 4 and 5 
of the load line, a horizontal pole dis- 
tance =H'= 10,000 lbs., to scale of loads, 
to the trial pole P'. For larger arches 
this pole distance can be made some 
multiple of 10,000, as 20,000, 30,000, etc. 
Having drawn the ''rays'' from P' to 
the division points of the load line, draw 
from some point A, vertically beneath 
the crown, a horizontal to intersection 
with load P^; then a Une || ray 34 to inter- 
section with load P3; then from this in- 
tersection with P3, a line || ray 23 to load 
Pj, and so on. To avoid mistake notice 
the relation that the Une between P3 and 
Pg is II ray 32, the subscript numbers 
being the same as the numbers on either 
side of the ray. To the left of A the same 
rule is observed. Thus from where the 
horizontal through A cuts P5, draw line 
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to P«||ray 56; from this point on P, 
^to ?,, draw line !| ray 67, and so on. 

As errors are carried on by this process, 
it is advisable to compute the ordinates 
from the horizontal hgkh^ to the equilib- 
rium polygon by the use of formula (1) 
of Art. 4: 

The numerical application of this for- 
mula to the right half of the arch is as 
follows: 

wij «P4X1.52 = 930; 

m^ =m3+(P4+P3)2.3=5272; 

m/ =m2+ (P4+ P3+ P4)2.74 « 15,089; 

wii «w/+(P4+. . .+P/)2.96«32,839; 

m^ =Wi+(P4+. . . + Pi)2.2« 63,236. 

For the left Ealf we have 

ni, ^PsX 1.52 =930; 

m, =m.+ (P5+Pe)2.3 = 5272; 

V-m7+(P5+P«+P7)2.74=20,569; 

m. =7n8'+(P5+. . . + P')2.95=51,181; 

m. =m8+(P5+. . . + P8)2.2 =86,344. 

The work can be checked by comput- 
ing vIq and m^ independently, by taking 
moments of all the loads from the crown 
to P^, for the right half, and similarly as 
to Pg for the left half. 

We now divide the moments above by 
H' = 10,000 to get the ordinates from 
the horizontal through A to the equilib- 
rium polygon in feet. These ordinates < 
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are now laid off to the scale of distance 
along the verticals P^, P3, etc. Lines 
through consecutive points thus found 
constitute the equilibrium polygon. It 
cuts the verticals through a^, Oj, . . . at 
the points 6^, 627 • • • > ^.nd will be styled 
polygon 6.* The object of the following 
procedures is to ascertain the amount of 
shifting and the true pole distance for 
such a trial polygon 6, so that the changed 
polygon can be put in its true position 
on the arch as polygon Cj, Cj, . . . , c^, the 
true pressure line for the arch. 



ESTABLISHING THE CLOSING LINE min^ OF 

POLYGON 6. 

23. The origin of co-ordinates is taken 
at O, X horizontal, y vertical. Thus the 
co-ordinates of a^ are (x^, y^); of aj (xj, 1/2), 
etc. 

The reason for the following steps will 
be given later (Art. 27). The ''closing 
line '' mini is to be drawn so as to satisfy 
the conditions 

l(mb)=0, l{mb,x)^0, 

where mh is an ordinate from mm^ to 
points such as 61, 63, ... , \. mh is posi- 



* Any hh can also be accurately commtted from the 
ordinates along the P's on either side. See Art. 30. 
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tive when 6 is above mniij negative when 
h \b below mm^. 

We have, satisfying this convention as 
to signs, mb^mh—hh; therefore the pre- 
ceding equations can be written 

Kmh) = 2(bh)j I{mh .x)=I(hh,x). 

The sums in all these equations are sup- 
posed to include all the points 6, as b^, 62^ 
. . . , ?)g, for the entire arch. 

Let the lines mh and bh be treated tem- 
porarily as forces acting vertically down- 
wards. Their resultants are I{mh) and 
I(bh) respectively. If the first acts at a 
distance x^ from O, the second x^ from 
O, then it follows, from the last equation 
above, that 

x,I{mh)=x^I{bh), 

since the moment of the resultant is equal 
to the sum of the moments of the com- 
ponents. 

In view of the preceding equation, we 
have Xq = Xqj or in words, mnii must be so 
drawn that the resultant of the mh^Sy treated 
as forces, must equal and coincide with 
the resuMant of the bh's. 

Let N = number of ordinates 1/, = num- 
ber of a^s, = number of 6's, = 8 in the 

figure. Lay off AD = — ^rj — and draw any 
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trial closing line nrij through B, mm^ 
being the true one. Then 

I(nh) = I(mh) = N . AD = I{bh), 

since N . AD = sum of ordinates vji^, 
^2/^2* . . • in rectangle iWiAi/.g, and since the 
segments vn added in the triangle vDn 
equal those subtracted in the triangle 

The first part of the condition is then 
fulfilled by either the line nui or the true 
closing line mm^^ the resultants I{nh) or 
I(mh) and I{bh) being all equal. In 
order that they may coincide, their mo- 
ments (treating the hh^s and mh^s as 
forces) about AD must be equal, or 

I{hh . z) = I{mh . z)y 

where Zi, z^, z^, . , . are the horizontal AV 
tances (always positive) from the vertical 
through A to S^, 63, 6g, . . . , respectively. 
Left-handed moments will be treated as 
positive. We can quickly compute 

I {bh . z) = (b^h^ - bihi)Zi + (M7 - ^ A)2^2 + • • • 

by measuring to scale of distance b^^, etc., 
tabulating the differences and effecting 
the products as illustrated in a following 
table. 
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Regarding now the line nni, we have 

J (nh . z) — (n/ig - njii)zi + (n,h^ — 11^2)^2'^ • • • 
^2(:Vini.Zi+V2n2.Z2+v^n3.z^+v^n^.z^. 

Designate this last sum by 2{vn .z). If 
we lay oflf 

libh , z) ^ ... 

* * I(vn . z) * " , 

then each vm is equal to the correspond- 
ing vn multiplied by I!(]bh .z)-^2(hn. z); 
hence 

I{vm . z) = '^. — '-^I(vn . z) = 2!(bh . z). 
I{vn,z) 

But I{vm ,z)j by the notation above, 
= I{jnh . z). 

,\ I{mh .z) = I(bh.z). 

The closing line mm^ now satisfies 
the two conditions, I(mh) = J(bh) and 
2!{mh . z) = I(bh . z), required, and is cor- 
rectly established. 

Howeyer, the work can be further sim- 
plified as follows: 

From similar triangles, 

^1 ^2 ^8 



v^rii V2n2 v^n^ ' " ' 
/. I(vn.z)^2—^(v{ni.Zi-\-V2n2.Z2+. . .)-^^ 
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This substituted in (i) above gives 
Ijbh.z) Ijbh.z) 

The denominator ^'(2:^)= 2(21^+22^+ . . .) 
designates, for any arch, twice the sum 
of the squares of the z^s to one side of the 
crown, or the sum for all the points 6 for 
the entire arch. 

24. Closing Line mm^ for Symmetrical 
Loading. — If the symmetrical arch is 
loaded with its own weight only, or, in 
addition, with a live load symmetrically 
distributed with respect to the crown, 
the equilibrium polygon h is symmetrical 
with respect to AD; hence IQ)h .z)=^Oy 
and by (w) v^m^^O. 

Therefore we lay off, as before, 

AD-iM 

AD- j^ , 

and through D draw Wj parallel to hji^, 
to represent the true closing line. By 
summing up the values of hh to one side 
of the crown and dividing by }N, we 
reach more quickly the value of AD. 

25. Location of Line kk^ on Arch. — ^The 
line kki is to be located in a similar manner 
with respect to the points a^, Oj, . . . on 
the neutral line; but since the lengths 
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of the ordinates y are known, it is more 
convenient to proceed as follows: 

Measure the ordinates t/^, 2/2, .. . from 
00' to a^, ttj, . . . , ttg, and divide their 
sum by their number, to find the distance 
e from OCK to hk^, or 

Calli'(6) = Nc=i'(2/); 

/. I{y-e)^0, or J(fax)=0. 

Also from symmetry, I (hi . x) = 0. 

Hence the two conditions, 2'(Ayi)=0, 
2'(A».a:)=0, for fixing the line kky^ are 
fulfilled, ordinates ka referring to verti- 
cal ordinates from kk^ to a^, o^y . > . j ordi- 
nates above kki being regarded as posi- 
tive, those below as negative. 

LOCATING THE TRUE EQUILIBRIUM POLY- 
GON Ci, Cj, . . . ON THE ARCH. 

26. It is now necessary to compute, 
for the whole arch, 

I{ka . y) = l(y-e)y=l{y^)'-ely; 



.'. I{ka.y) = I(y^) 



N 
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or the sums can be taken for the half- 
arch and doubled. 

A similar sum, I(mb . y), must also be 
made out for the entire arch, mb repre- 
senting a vertical ordinate from mm^ to 
points 61, 62; • • • ; regarded as positive 
when b is above mm^j negative when b is 
below mm^. 

Since mb = mh — bh, 

/. I(mb , 7j)=I(mh . y)—I(bh.y). 

Now in Fig. 1 1 

2{mh.y) ={mJi^-\-mh^y,-\- {mjk^+mMy^-^ . . . 
= 2Ar)(2/, + y,+y3+yJ=AD2'(y). . 

:.I(mh.y)^^^I{y)-I{hh.y), . . . (m) 

(All of these sums are entered in the table^ 
Art. 28, p. 57.) 

It is a principle of the equilibrium 
polygon. Art. 5, that if the ordi nates mb 
are altered in a given ratio, the pole dis- 
tance is altered in the inverse ratio. The 
ordinates mb are now altered in the ratio 

„/ ' , ' ' , , and the assumed pole distance 
2(mb . y) ^ 

in the inverse ratio. 

The new ordinates mb are now laid off 

vertically above or below kki, according 

to sign, to locate all the points c^, c^, , . . 

in the same verticals with a^, a^y . . . , re- 
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spectively. The old ordinates mb have 
thus been changed to kc. Similarly, AD 
can be altered in the given ratio and laid 
off above kki to give the center of pres- 
sure at the crown. The proof for the step 
above and that which follows has been 
given in Art. 5. 

To find the true pole P, draw from the 
trial pole P' a parallel to 7mni to inter- 
section with the load line at I, then hori- 
zontally to the right a distance IP = as- 
sumed pole distance X -=r-: — '■ — = true 

z{ka . y> 

pole distance measured to the scale of 
loads. This locates P, the true pole, and 
the true pole distance, to scale of loads thus 
found is the horizontal thrust of the arch. 
Beginning at the center of pressure at 
the crown, the equilibrium polygon c can 
be tested by the usual graphical construc- 
tion, regarding P as the pole (Art. 2). 

DEMONSTRATION. 

27. Since the equilibrium polygon h^ 
with ordinates all altered in the same 
ratio, is now in position on the arch as 
polygon c, the closing line mnii now coin- 
ciding with kki and any ordinate nib hav- 
ing been changed to the corresponding 
kCj we have, from Art. 23, 

l(kc)=0. I(kc,x) = 0, 
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Also, it was shown in Art. 25 that the 
line kki was located to satisfy the condi- 
tions 

l(ka)=0, i'(te.x)=0, 

the summation extending over the entire 
arch as before. 

On subtracting the last equations from 
the preceding, we have 

l(ac)=0, I{ac . a:) =0. 

Hence the construction ensures that the 
first two conditions, Art. 19, p. 33, for 
an arch without hinges, shall be fulfilled. 
The third condition is also fulfilled, for 
by Art. 26, p. 53, we laid oflf 

I{mb . y) 

We can write down N equations of this 
type on giving proper subscripts to kc 
and mh, i, 2» 8» • • • • Now multiply each 
equation with the corresponding ?/, and 
add 

(A^i.2/i + *^2-2/2+ • • •) = 
I{ka . y) 



I{rnb,y) 



{mbi . yi+inb2 . y2+ . . . )• 



Or, since (A^Cj . y^+kc^ . i/2 + « • -) = ^(kc . y) 
and 

(mbt . yi+mb^ . 1/2+ . . .) = I(inb . y), 
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this equation Teduces to 

I{kc . y) = I{ka . y). 
/. I(kc-ka)y=0. .*. I(ac . y) = 0. 

Therefore the third condition of Art. 19, 
p. 33, is also fulfilled by the equilibrium 
polygon r. It thus satisfies all the condi- 
tions for an arch fixed at the ends and with- 
out hinges, and is thus the true one. 

RESUME OF OPERATIONS. 

28. Let us give now a r6suni6 of opera- 
tions applicable to any arch, though 
the numerical values given refer only to 
the arch of Fig. 11. 

After the neutral line is divided so that 
s/I is constant (Art. -20), the points a 
marked at the middle of each division, 
the weights P found (Art. 21), and the 
equiUbrium polygon b drawn (Art. 22), 
we proceed as follows : 

(1) Make out a table of quantities, as 
given below, by measuring ?/, 2, and bhy 
to the scale of distance, to hundredths of 
a foot. 

(2) Lay off AD=^=1^ = 1 .88. 

N = number of a's or number of 6's for 
the entire arch. J(bh)j as computed, 
may be checked by laying off along a 
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line, with dividers, bji^, b^2y • • • > ^^^ 
measuring to scale of distance. Desig- 
nate ordinates bh to left and right of the 
crown bhL and bhR respectively. 

/o\ T re I(bhL — bhR)z 

(3) Lay off vm=v{m^ = ——l^z^ 

34.29X1175 , 

347.6 "■ 
Draw mrn^, 

(4)'Compute e=^==5Li§=6.68. 

Draw kk^ parg-llel to OCK and a distance 
e above it. 

(5) Compute J(A;a.i/) = i'(t/»)^-^= 
378.8-^^^' = 21.5. 

(6) Compute I{mb . y) ^i^I(y) - 

I{bh. y) = l. 883X53. 46-68. 26 = 32. 40. 

. (See (2) above and column 9 of table.) 

(7) Lay off above or below kk^j accord- 
ing as ?n6 is positive or negative, 

A;c = ^S^ ' y\ . m5=|^mfe = 0.664mb, 
I{mb.y) 32 A 

and thus find fccj, A:c2, . . . , and establish 
^ the points c^, ^2, . . . , and the center of 
pressure at the crown. 
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(8) H' being the assumed horizontal 
thrust for polygon h (10,000 lbs. in the 
example), then the true horizontal thrust 
for polygon c or for the arch is 

H = I^^^H' =1^10,000= 15,100 lbs. 
I{ka.y) 2i.5 ' ' 

(9) Draw P'l parallel to mrri from the 
trial pole P' to intersection 1 with the 
load Une; then draw IP = H ( = 15,100) 
to scale of loads, horizontally to the right, 
to locate P, the true pole. With P as the 
pole, the upper ray of the force diagram 
is the reaction at the right spring, the 
lower ray the reaction at the left spring. 
The point I divides the load line into the 
two vertical components of the reactions. 
As a check, having the center of pressure 
at the crown and true pole P, the equiUb- 
rium polygon c can be drawn. It should 
coincide with the polygon c^, C2, . . . , 
already established. 

29. To find the centers of pressure on 
the springing sections, we simply pro- 
long the polygon c to those sections. 

Thus drawing the rays 01, OO', O'C 
to the true pole P, a line from q parallel 
to ray 01 is drawn to intersection with 
P^; thence a line || ray OO' to intersec- 
tion w4th vertical through center of 
gravity of dead load vertically over right 
springing section; thence a line || ray (yC 
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to intersection with springing section — the 
center of pressure on that section. 
Similarly at left draw from Cg a line 
ray 89 to vertical F^; thence a line 
ray 90 to vertical through center of 
gravity of dead and live load over left 
springing section; thence a line || ray OC 
to intersection with springing section, 
which is thus the center of pressure on 
that section. 



PROPER POSITION OF LOADS P RELATIVE 

TO POINTS a. 

30. By Arts. 13 and 17 it was premised 
that M = H^ should be accurately found 
at the middle of Sj, Sj, S3, . . . , or at aj, a^, 
ag, . . . , which is neatly effected by the 
construction of polygon c, the loads P 
having the position shown. Thus at a^, 
M = H . ttgCg exactly. 

If the true equilibrium curve, for infin- 
itesimal divisions, be supposed drawn, it 
will fall below the equilibrium polygon 
c except at a^, aj, . . . (which are points 
on it), and the greatest departure is at a 
load P. Some authors use such a divi- 
sion of the arch that t has to be measured 
at a load P, which is a most unfortunate 
selection and leads to values of t as far 
removed from the true as possible. 

For the upper part of the arch, where 



61 [§ 31 

the forces P are close together, this objec- 
tion loses weight; but the position of the 
loads given on the figure is urged because 
it leads to theoretically exact results 
throughout. 

Where the loads are transmitted down 
vertical columns resting on the arch ring, 
the equilibrium polygon has necessarily 
to be drawn for the forces as they are dis- 
tributed. After drawing polygon b, how- 
ever, if the angular points occur at any 
of the 6^s, they should be slightly rounded 
off, for none such occur in reality for 
either polygons b or c. The equilibrium 
polygon J as we draw it, is not the true 
pressure line. The latter is always a 
curve, corresponding to infinitesimal divi^ 
sions and loads, for either arch ring with 
earth backing or with columns. 

31. Case, where (Ii+nlg) Varies as the Secant 
of the Inclination i of the Arc to the Horizontal. — 
If the horizontal projection of each division s of 
the neutral line is constant and equal to 2hf 
then s-7-{2h) = aeci at the corresponding o. 
Then the condition of Art. 19, that s-j-(l, + nl,) 
= constant, can be expressed on dividing by 2h. 
sec 1 -^ (Ii + nlj) = constant, or (Ij + nlj) must 
vary as sec i. 

As this condition is so rarely fulfilled in mod- 
em designs, I shall simply give a oonse(]|uence 
without the demonstration. In Fig. 11, if n^ 
number of a's or 6's to the right of the crown, 
and Zi = h, then z^=3h, Z2 = 5hf z^ = (2n — l)h. 
Also, let ^1=65^5—64/14, Jj = 6j^ — 6j/ig, J3=etc., 
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the ordinates subtracted being equally distant 
fron\ the crown, J^ corresponding to those near- 
est the crown; then it can be shown that 

'"'^"2 * n(2n+l) 

In this case the span 00' is divided into 2n 
equal divisions, and perpendiculars erected at 
the middle of each, whose intersections with 
the neutral line give the points a. 



ALGEBRAIC SOLUTION. 

32. The vertical component V of the 
thrust at the crown is given by 10 to the 
scale of loads. From similarity of the 
triangles lOP' and mvT>, we have 

on using the value of vm given by (3), 
Art. 28. 

Also, by use of the values of I{ka . y) 
and I{mb . y), given in Art. 28, (5) and 
(6), we find, since 

2{ka . y) I{mb . y) 

„ Ibhly--NI(bh.y) ^, . 

"~ NI{y')-{Iyr "' • ^''^ 

, Ni-(y') - (lyy 

'^~IhhIy-^I{hh.yr'^- • ^'"''^ 
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The latter formula also applies to find- 
ing kc for the crown joint, when for* nib 
we put AD = lihh)-^^. Thus the for- 
mulas (t'y),(i;), (m) determine completely 
the thrust and center of pressure at the 
crown, and therefore polygon c. Also 
calling H' . 6A=m, (iv) and (v) can be re- 
duced to forms similar to those given for 
V and Hq by Turneaure and Maurer in 
^'Reinforced Concrete Construction/' p. 
268, having regard for the difference in 
notation. The ordinate y being counted 
from the spring in the one case and from 
the crown in the other, the formulas for 
H are not identical. 

Where great accuracy is required, as 
in a steel arch, then the values of z can 
be measured and y computed to thou- 
sandths of a foot, the ordinates bh com- 
jytjied to any desired accuracy, and poly- 
gon b drawn only as a rough check on 
the numerical work. Also, the value of 
e={Iy)-^^ is computed, and by {iv), 
(v), (vi) we find V, H, and kc for the 
crown, giving the center of pressure 
there. The bending moments at any 
point of the arch can now be computed. 
As a check on this purely algebraic com- 
putation, the lines rnm^, kk^ may be 
drawn, and by (m) the values of kc^, fcCg, 
. . . computed and laid off. The bending 
moment at any point c is then H . ac. 



I 

i 
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The force diagram, in connection with 
polygon c, gives most easily the normal 
thrust and shear on any section. 

33. To illustrate the working of the 
method, the previous example will be 
taken and the numerical values of the 
table and of Art. 28 used, the results 
being given to only three sighificant fig- 
ures. 

Thus by (v), H=^ 10,000= 15,100 lbs.; 

by (iv) , V = 11^ 1 0,000 = 987 lbs. 

AD=^=1^ = 1.88. 

.*. by (m), the value of kc for the crown is 

*c=i^X1.88 = 1.25. 
32.4 

Since e=(i'^/)-^N=6.68, the center of 
pressure at the crown is 6.68 + 1.25 = 
7.93 ft. above 00', or 8.00-7.93 = 
0.07 ft. below the center of the joint, 
since the rise of the neutral line is 8 feet. 

34. The bending moments at points a 
can be found in two different ways, the 
first involving the computation of a^Ci, 
a^2f ' • • as follows: 



per squor'\ 
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By Art. 28, (3), 

Zi •847.6 ^2 

t?imi = .09865 2i ; Vj^j =0. 09865 Zj,' ^3^3= 
etc, ; thus any vm can be computed. 

Also, mh = AD ±vm. 

Since bh is supposed to be known by 
computation, and mb=mh — hh, any mb 
can be computed. 

By (m), Ac = 0.664m6, from which any. 
kc can be found. 

Lastly, ac=e+kc—y. 

The values of ac can thus be computed 
to any desired accuracy. The bending 
moment M at any point a of the arch 
is M=H . ac. 

Since from the preceding equation ac 
is positive when c is above a, negative 
when c is below a, the same is true for 
M. Hence with this convention it is 
seen that the bending moment causes the 
greatest compression at the extrados 
when M is positive, but the greatest 
compression at the intrados when M is 
negative. Also see Art. 16, note. It is 
an easy rule to remember that when the 
side of polygon c, pertaining to a section, 
passes above its center (t=ac positive). 
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the bending moment M = H^ causes com- 
pression at the extrados; if below, com- 
pression at the intrados, th^ greatest 
compression being on the edge of the 
section nearest polygon c, since the result- 
ant on the section acts along the side per- 
taining to polygon c. 

The second way of accurately comput- 
ing bending moments is by considering 
the two halves of the loaded arch sep- 
arately, each subjected to the loads and 
reactions and the forces H and V at the 
crown section. If V is positive it acts up 
for the left half, down for the right half. 
Of course H acts to the left in Fig. 12 (c), 
to the right in Fig. 12 (6); above the 
center of the crown section if tc=ac there 
is positive; below, when t^ is negative. 



Fio. 12. 



Let us call the horizontal and vertical 
distances from the center of the crown 
joint to a point a, z and i/ respectively, 
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and m the moment of the loads from 
the crown to a about a. 
Then for the left half we have 

taking left-handed moments as positive. 
At the crown M^^H^cJ '^ft handed 
about the center there if tc is positive, as 
drawn. 

For the right half, right-handed mo- 
ments will be taken as positive. 

For either half, according as M is posi- 
tive or negative, the greatest compression 
is at the extrados or intrados respectively; 
otherwise polygon c passes above or be- 
low a according as M is positive or nega- 
tive. After M = H< has been computed, 
on dividing by H, t=ac for the section 
can be found and laid off, thus estab- 
lishing the points c. 



ARCH LOADED ONLY WITH ITS OWN 

WEIGHT. 

35. The same 30-ft. span, Fig. 11, will 
now be treated for dead load only. 
The part of the equilibrium polygon re- 
quired, 6i , . . . , 64, has already been drawn. 
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Then, as shown in Art. 24, we lay off 

AB=— ^=1.49 and draw mm^ through 

B parallel to Ahi. We derive 5.97== 
I(bhR) from column 6 of the table of 
Art. 28. We have 

limb . 2/)=-^ • Iy-2Q)h . y), 

«1. 49X53. 46-2 4.67X3.89 =24.38. 

-h. 98X7. 13 
+ .30X7.73 
+ .02X7.98 

Hence, since the closing line kk^ is un- 
changed, as before I{ka . ^) = 21 . 5; 

.-. J(A» .^/)-^2'(m6.^/) = 21. 5-^24. 38 

=0.882. 

.*. Ac=0.882m6, from which the points 
Cj , . . . , c^ are located. They are not dis- 
tant from the corresponding a's more 
than 0.03 ft. The horizontal thrust is 
now 

^^10,000 = 11,300 lbs. 
21.5 

This is laid off, to scale of loads, from O 
along horizontal OP' to true pole. 

In this arch, where the surcharge has 
been reduced considerably in height, the 
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pressure line from the crown to point a^ 
coincides nearly with the neutral line. 
Below ttj it rises above it, receding from 
it as we go downwards. 

36. A word may be said here relative 
to accuracy where graphical construe-- 
tions are resorted to. Straight edges on 
rulers and triangles are absolutely im- 
perative. A steel ruler and an aluminum 
triangle are best for accuracy, though 
they soil the paper. With the usual 
scales of 2 ft. or 4 ft. to the inch, errors 
of at least 0.01 ft. may be looked for in 
locating points. Errors of 0.01 or 0.02 
ft. may be made in drawing lines through 
the (needle hole) points. Thus without 
great care ordinates measured from such 
lines can easily be 0.02 ft. wrong. 

Every new line that has to be drawn 
involves some error; hence it is advisa- 
ble to introduce as few lines as possible. 
It will have been observed that in the 
table of Art. 28, the only quantities 
introduced are y, z, and 6A, which 
should reduce error to a minimum. 

In "Theory of Voussoir Arches,'^ by 
the writer, pp. 173-5, it was found for 
the examples given, introducing other 
quantities than hhj y, and z in the com- 
putation, that nevertheless points c could 
possibly be counted on as within 0.05 
ft. of their correct position. Certainly 
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we ought to attain greater accuracy by 
the new construction. In fact, the main 
^rror to be feared in the latter case is in 
drawing the polygon 6. If the ordinates 
hh are all computed, the error due to 
inaccurate construction of polygon b is 
entirely eliminated. 

Where the forces P are supposed to act 
along the medians of the corresponding 
trapezoids, slight errors are introduced; 
but they can be reduced either by in- 
tjreasing the number of divisions of the 
arch or by finding the center of gravity 
of each trapezoid. 

The largest error is unavoidable and 
results from our not knowing beforehand 
the specific gravity of either the concrete 
ring or that of the earth filling.* The 
weiciht of concrete of the usual propor- 
tions varies from 140 to 150 lbs. per 
€ubic foot. The average may be taken 
at 145, or if reinforced, say, 150 lbs. per 
€ubic foot; but a well-compacted con- 
terete will weigh more when originally 
placed as a dry mixture than where 
much water is used. 



* As to the weight of earth per cubic foot, Trautwine 
says that common loam, dry and loose, will wetflch 72 to 
BO lbs., but if moderately rammed or packed, 90 to 100 
lbs. Quartas sand, dry and loose, may be put at 90 to 
106 lbs., or even 117 lbs. if the sand is of pure quartz 
Aeith very lar^e and very small grains. The first figures 
are increased 12% by ramming. Water necessarily 
Bdds to the weight of compacted earth. 
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With regard to the live load trans- 
mitted to the arch through cross-ties 
and earth, it is certain that the earth 
distributes this load over a greater area 
than the base of the cross-tie, but exactly 
over what area, it is difficult to say. 



CHAPTER III. 
THREE-CENTERED ARCH. 

ALGEBRAIC SOLUTION IN FULL. 

37. We have seen, for the arch previ- 
ously examined, that for dead load only, 
the pressure line coincides very nearly 
with the neutral line from the crown to 
a I and then departs more and more from 
it as we go downwards, always lying 
above the neutral line. It follows for 
the upper part of an arch, particularly 
when the filling is light, that the circular 
arc is a very satisfactory curve. For the 
lower portion it would seem, at first 
sight, that the curve should become flat- 
ter; but exactly the contrary is found 
to be the case for the intrados at least, 
in order to give a large springing joint 
to ensure that for ordinary live and dead 
loads no tension shall occur there. 

In Fig. 13 is shown the left half of a 
three-centered arch, the radius of the 
upper portion DH of the intrados being 
R; for the lower portion AD, the radius 

72 
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=r=AI = DI. If a and h are the half- 
span and rise of the upper portion, we^ 
have, by geometry, 

i2R-h)h=a^; .'. ^=Uj+^)' 

Drop the perpendicular DF upon the spaa 
line and draw AB perpendicular to DI^ 




FiQ. 13. 

Then calling the half central angle of the 
upper portion a, we have 

AD2=AF2+FD2, 

BD = FD cos a — AF sin a, 

2r.BD=AD2; 

1 AD^ 1 AF^+FD^ 

•'• ^~2 BD "2 FD cos a-AF sin a 
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When the span and rise are known 
and a and h assumed, AF and FD are 
known, so that R and r can be com- 
puted. 

A number of arches have been built 
for highway traffic, assuming a = J span 
and h=l rise. Here the depth of key 
was made small, that at D about 25% 
greater, and at the springs the radial 
depth was assumed from two to three 
times that at the key for flat arches, to 
six times as much for a rise ^ the 
span. 

For arches of usual spans carrying a 
very heavy locomotive load, the propor- 
tionate depth at key must be greater — 
considerably greater — than for highway 
bridges. For such arches h has been in- 
creased even to J the rise and a to ^ the 
half-span. Only trial can determine the 
best proportions between the extreme 
limits given. 

38. In the three-centered arch, Fig. 15, 
to be examined, the clear span was 90 ft., 
the rise 18 ft. Assuming a = |--^=36 
and /i = 9.5, the formulas give R=72.97, 
o: = 29°33.7', r = 26.88. 

The intrados can, of course, be drawn 
without this computation, as it is easy 
to find the radii R and r by drawing per- 
pendiculars to chords DH and AB, Fig. 
13, at their mid-points to intersections 
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with HG and DI respectively, to find the 
centers corresponding. 

The depth of key here was assumed at 
2. 75 ft. ; at 0, 6 ft., and a circular curve 
of constant radius was drawn for the ex- 
trades. The neutral line is midway be- 
tween the intrados and extrados and is 
practically given by two circular curves 
of different radii for the portions OD and 
DH. 

The portion of the arch, Fig. 15, from 
to Cy was assumed to rest on rigid 
abutments, since the portions below O 
and (y, although strictly elastic, can af- 
fect, on account of size, the position of 
the pressure line very slightly. 

The neutral line from either O or 0' 
to the crown was divided into 14 divi- 
sions, so that s/I was constant for each 
division, after the method so fully given 
in Art. 20. 

The length of neutral Une I from to 
crown was Z=46.33 ft., and the radial 

depth at mid-length was 3.4 ft.; \-)^d^ 

3 31 
= ^^ = . 084, Hence the rough rule of 

Art. 20 would give s = . 0S4d\ Actually, 
s=0. 09d' was used and led to n= 14 divi- 
sions of each half-arch. 

The points a,, Oj, . . . , a^ are at the 
middle of the corresponding divisions. 
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As usual, verticals are drawn through 
these points from the intrados to the 
reduced contour of the earth filling. The 
filling was assumed to weigh 100 lbs., 
the concrete arch ring 150 lbs. per cubic 
foot. The areas of the trapezoids be- 
tween the verticals were computed and 
multiplied by 150 to give the dead loads 
Pj, Pj, etc. A live load of 750 lbs. per 
square foot was supposed to extend from 
the left abutment to a^^, or about three- 
eighths of the span OCV of the center line. 
The weights corresponding were added to 
the dead loads to give the loads Pji, Pjj, 
etc. 

The vertical distances y above OCK for 
each point a were measured; also the 
horizontal distances z, corresponding, 
from the crown, and the distances be- 
tween consecutive P's. All of these 
quantities are entered in the tables fol- 
lowing. 

39. The moment m« of all loads from 
the crown up to load P«, about P», was 
computed from the formula 

after the method fully explained in Arts. 
4 and 22. 

It is convenient to tabulate results as 
follows: 



77 



[§39 









• 




e 








9 

o 


11 H n 11 II II 




a 


s 5 a a 8 a 




i 


gggggg 




II II 11 II II II 11 11 II 11 11 II II 11 II 






b 
< 






«»O'^05"^C0OCV|Tt<00OOO^«0 
O^QOC<l«25o»-iOt^t-HOO«Ot^CO 

fl^ Ak Ak fl^ flk ^^ Ak ^h. flk tfk flk ^k ^^ ^^ ^k 


o 




*-H 




"^^ 


^^ ^^ ^^ ^^ ^^ ^^ ^^ ^^ ^'^ ^"^ ^^ ^^ ^^ ^^ ^^ 

i-iC0«»OC0t^<NO0QTt<t^C005C0CSI 


^" 




S 




^rH(N 


• 


ai«05(X)ot^»ococsi»coooco(X) 

COOOOOOSOOi-iTt<oOOCOOCOCO 


00 


J 




o 

CO 


^^^^C^01(MCSl(NC0C0^OO.-l 


• 


Mk *h. av av *k *k. Sk *k *k Mk ^ ^ ^ ^ 




&< 




ts 




II 


^"^ "^ ^^ "^ *^ "^ ^^ ^'^ ^^ ^"^ ^^ ^^ ^^ ^^ 

(MC0»0O(X)O(N'^l>-i-i?0C0<©05 




(< 


^,-i^,-,oic^co^»o 






"^iCCVIQi-KMCOOOOC^N.'^'^O 


"^ 




t^ 




X 




•S*^*«i*S^«^«\*^*S*V*^«^«\«\ 


*v 


• 


^^^rH»Hi-l<NCV|(NC0Tj<cO(NCO 


Oi 


• 


1-H 1-i 


lO 


s 


11 11 11 11 II II II 11 II II II II 11 II II 




s-' 


■* n e* ^ o _ 




Pk 


II II 11 11 II II 

a s s 2 s s 






PL| (1| (1| ^ P-l P-l 





§39] 78 

In this table the sum of the loads in 
the first column down to any line is en- 
tered in the second column on the same 
line. The distance a between any P and 
the next following is entered in the third 
column opposite the first-named P. The 
product of a and R is found in the column 
.headed aR. In the last column the suc- 
cessive^ sums of the preceding column are 
recorded.* Thus, by the formula, 

6824 = 11,790, etc. 

As a part of this table applies to the 
left half until the live load is reached, 
the following table gives only the quan- 
tities for the part of the arch under the 
live load for the left half. 

The values of m at O and 0' should be 
checked by- taking moments- of ihe P's 
from the crown about those points. This 
checks the whole work. Assuming for 
the trial polygon the thrust at the crown 
to be horizontal and equal to 100,000 
lbs., 'we find" the ordinates of the trial 
equilibrium polygon b at the loads by 
pointing off five decimal figures from the 
values of m given in the last columns. 

* It will be observed that the sum of the numbers 
in the first column should equal the last number in 
the second column. Similarly for the last two col- 
umns. This checks the additions, but not the products 
oR. 
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Thus the ordinate at Pj,, from AjjAA, to 

the polygon b, is 1.69 ft., which is laid 
off to the scale ot distance. The ordi- 
nates for and 0', the centers of the 
springs, are liltewise computed. They 
are 13.70 and 9.64 ft. respectively. 
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To find the points 6„ b^, . . . , 6j(, the 
polygon is drawn through the points just 
found, and the intersections with the ver- 
ticals through o„ dj, . . , , ctjg give the 
points b. As it is desirable to ascertain 
the values ot bh within about 0.01 ft., 
it is necessary either to magnify the ordi- 
nates, say 10 times, or, better, to avoid 
too laige a drawing, plot the polygon b 
on cross-section or profile paper to such 
a scale that bh can be measured accu- 
rately to within 0.01 ft. 
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It is, however, not necessary in this 
algebraic solution to lay off polygon b to 
scale on the drawing at all, except for 
purposes of theory. For subsequent posi- 
tions of the live load it was not redrawn, 
as no measurements were taken from it. 
The following is suggested as the best 
practical solution. 

To find any bh graphically, the ordi- 
nates at the P's must be plotted on cross- 
section or profile paper to such a scale 
that the ordinates, as well as bh=by can 
be easily read to 0.01 ft. Thus for b^, 
since P^ and Pq are 6.36 ft. apart and b^ 
is distant from P^ 3.53 ft., lay off at Pj 
the ordinate 5. 88 and at Po (6. 36 ft. from 
Pj) the ordinate 8.82, as taken from the 
table. Then connect the extremities with 
a straie;ht line and read the ordinate b^ 
(3.53 ft. from P^) to scale. It is found 
to be 7.51 ft. 

The same portion of the cross-section 
paper can thus be used over and over 
again, starting always at a full line. 

The ordinates 6i, 62, ... , 628 ^.re thus 
quickly found, say to within 0.01 ft., to 
scale. Practically for about 6 ordinates 
either side of the crown, any bh is the 
mean of the adjacent ordinates along the 
Fs. 

. If bh is determined only to the nearest 
hundredth, we cannot expect a greater 
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accuracy for ac. Consequently if it should 
be considered desirable, as in a steel arch, 
say, to find ac to 0. 001 ft., then hh should 
be comjmted to at least 0.001 ft. This 
may be done either by proportional tri- 
angles or from the formula for m above, 
en ifeplacing a by d, the distance from the 
center of moments to the nearest P on 



> 


' 6.86 




6.88 


8.S8 


^ 



8.82 



FlQ. 14. 

the crown side. Thus to find ftAj, which 
is 3.53 ft. to right of Pj, we compute, 
using the values in the table, 

m=mi 4- (Pi +P2+ . . . +Ph)3.53 
=587,996+46,194X3.53 = 751,061; 

.-. 6;ii = 7. 51061 ft. 

This method is little, if any, longer 
than that involving the use of cross-sec- 
tion paper. In fact, by the use of Crelle's 
3-pIace multiplication table, all the mul- 
tiplications can be effected so expedi- 
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tiously and accurately that the tables 
above and those which follow are very 
quickly made out. Without such an aid, 
or an jequivalent slide rule^ it 4s-no wonder 
that graphical methods found favor in 
the past. 

The values of y, z, and hh^h (thus 
found), with their combinations, are en- 
tered in the table on p. 82. 

40. Proceeding as in Art. 28, we have 

JCy), 150.38 . 
* N " 14 ^"•^^' 

J(iba .y) = i'(y«) -^^'-3465.56-3230.5^ 
=235.17; 

«1. 916X300. 76-371. 49=204. 76; 

2(fca^) 235^ 
'^ lirnb.yf^ 204.76^ i.i^wo^ 

~H=|g|:^(100;000)=g^^^ 
V Vim, I(bL—bR)z 



100000 2, I(z^) 

1045477 •"•"'^'^^• 
,•. V-2201 lbs., ViW,=39.3X .022-0.865. 
Similarly, any vm=0.022«. 
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41. Following the suggestions of Art. 
32, the following table for the right half 
is made out. All values are in feet. 



Point. 


• 

o 

• 

0.96 

.87 


• 

1 

0.96 
1.05 


• 

1 

1 
"I 


• 

• 

n 


• 

+ 
n "* 


• 

1 

nt 


0' 


-8.68 


-9.98 


+0.76 


+0.76 


«i 


-6.46 


-7.43 


3.31 


+ .43 


«2 


.71 


1,21 


-3.48 


-4.00 


6.74 


+ .25 


«8 


.60 


1.32 


-1.93 


-2.22 


8.52 


+ .13 


«4 


.52 


1.40 


- .93 


-1.07 


9.67 


+ .00 


«5 


.44 


1.48 


- .22 


- .25 


10.49 


- .04 


(k 


.38 


1.54 


+ .31 


+ .35 


11.09 


- .14 


Oj 


.33 


1.59 


+ .69 


+ .79 


11.53 


- .24 


«8 


.28 


1.64 


+ 1.00 


+ 1.15 


11.89 


- .24 


«9 


.23 


1.69 


+ 1.24 


+ 1.42 


12.16 


- .30 


flio 


.19 


1.73 


+ 1.44 


+ 1.65 


12.39 


- .34 


On 


.14 


1.78 


+ 1.61 


+ 1.85 


12.59 


- .29 


«12 


.10 


1.82 


+ 1.73 


+ 1.99 


12.73 


- .25 


«n 


.06 


1.86 


+ 1.83 


+2.10 


12.84 


- .24 


a,4 


.02 
.00 


1.90 
1.92 


+ 1.89 


+2.17 


12.91 


- .21 


Crown 


+ 1.92 


+2.21 


12.95 


- .17 



The values of 2, bh, and y are taken 
from the preceding table. For point 
O', 2=43.55 ft. and y=0. For crown, 
t/=13.12. 

The next table gives the ordinates in 
feet for the left half of the arch. Since 
the symmetrical points a^ and ajg have the 
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same z (which is not an abscissa, only a 
distance, always positive), and the same 
is true for all symmetrical points, the 
values of iwi=.0222 can be taken from 
the preceding table. Although the col- 
umns for 2, 6A, and y are not repeated 
in the last two tables to save space, it is 
advisable in practice to repeat them to 
avoid mistake. 



Point. 



o 



«28 



a. 



25 



a, 



'24 



a, 
a 
a 
a 



23 
23 
21 
20 

<hs 

«17 
«1« 
Ol5 



+ 
CI 

1-^ 



2.88 



2.79 
2.63 
2.52 
2.44 
2.36 
2.30 
2.25 
2.20 
2.15 
2.11 
2.06 
2.02 
1.98 
1.94 



I 



1^ 



-10.82 



+ 
+ 
+ 

+ 



7.81 

3 77 

1.76 

.49 

.33 

.88 

1.27 

1.54 

1.70 

1.82 

1.89 

1.93 

1.95 

1.93 



F 



-12.44 



+ 
+ 
+ 

+ 
+ 

+ 
+ 



8.98 
4.34 
2.02 
.56 
.38 
1.01 
1.46 
1.77 
1.95 
2.09 
2.17 
2.22 
2.24 
2.22 



+ 



- 1.70 



I 



II 



4- 1.76 

+ 6;40 

+ 8.72 
+ 10.18 
+ 11.12 
+ 11.75 
+ 12.201 
+ 12.51 
+ 12.69 
+ 12.83 
+ 12.91 
+ 12.96 
+ 12.98 
+ 12.96 



-1.70 

-1.12 

- .09^ 

+ .3a 

+ .51 

+ .59 

+ .52 

+ .43 

+ .38 

+ .21 

+ .la 

+ .03 

- .02 

- .12 

- .16 



The values of t at O, 0', and the crown 
have both been put in the column headed 
^*ac/^ for convenience. Of course there 
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is no point a at either 0; O', or the crown, 
and these values must be excluded in 
forming the sums 

S{ac), 2(fLc . y)j I{ac , x), 

which by Art. 19 should be zero if the 
points c have been located accurately. 

42. These sums will rarely be exactly 
zero on account of writing results only 
to the nearest hundredth. Thus we took 
kc=l.lbinbj whereas it is kc = 1.1^8mb. 
In this example, although the sums are 
not zero, the ratios of the + and — terms 
are nearly unity. Thus 

i'(+ac) 3.91. I (+ac.y) ^ 23. 80 ^ 
2'(-ac)~3.82'* I {-ac , y)~ 21.9^' 

J(+ac.x) _^ 75.76 
I (-ac.x)~ 72.11' 

If the points c are lowered 0.01 ft., 
the ratios all become less than unity or 
the reverse of the given ratios. 

It is plain, then, that points c have 
been established with an error less than 
0.01 ft., or practically exactly. 

The distances a^Cj^j ^2^2^ • ... , fljg^as ^^^. 
now be laid off to scale; above points a 
when ac is positive, below when nega- 
tive. 
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Similarly lay off <=-1.70 below O, 
and <=+0.76 above 0', to get points 
in the true equilibrium polygon at the 
springs. 

The position of the points c can be 
roughly tested by drawing the equilib- 
rium polygon c in the usual manner, 
starting at the center of pressure at the 
crown 0.17 ft. below the center of the 
joint, and using the true pole P of the 
force diagram on the left of Fig. 15, 
where the loads are laid off to scale.* 
To find P measure downwards to scale 
of loads from the intersection of ray 
14-15 with load line, V = 2201 lbs., then 
horizontally to the right, H = 87,090 lbs., 
to pole P. 

43. The bending moment at any point 
=M = H^ = 87,090ac ft.-lbs., the value of 
ac or t being taken from the last two 
tables. The value of M can likewise be 
found from the formula of Art. 34: 

M = H(t/'+0-m±V2. 



* Neither polygon 6 nor c can be accurately drawn by 
the usual construction unless checked and corrected 
at intervals by computation. It will doubtless prove a 
wholesome experience to the young draftsman to draw 
the polygon 6 with a horizontal thrust at the crown 
B= 100,000 lbs., and aiter drawing it, compare results 
with the computed orninates at the P*s given above. 

If no checks are applied in constructing polygon 6, it 
may be regarded as worse than worthless, because it 
tends to give security in its false results. In the writer's 
"Voussoir Arches," he has given other fairly accurate 
methods of constructing polygon c. 
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On dividing the M thus found for any 
point by H, we find the value of ac for 
that point. 

It is evident that this method of find- 
ing the values of oc is much more tedious 
and liable to error than the method given 
above. 

It will be observed from the last two 
tables that at O, ^=—1.70, its greatest 
value; at a^, (ic=— 1.12, Polygon c 
now crosses the neutral line near a„, 
passes above it and attains a maximum 
at a j4, where ac »= . 59. It then gradually 
approaches the neutral line, crosses it 
near ajy, passes 0. 17 below the center of 
the crown section, attains another maxi- 
mum at a^Q. where ac= — .34, then ap- 
proaches the neutral line, crosses it at «< 
and passes 0.76 ft. above it at O'. The 
equilibrium polygon c keeps within the 
middle third of the arch ring at all points 
but a^y a^gj and O. At 034 it passes only 
0.02 ft. outside, but at the radial joint at 
O it passes 0. 25 ft. below the middle third 
limit. Hence if there is to be no tension 
at the left springing section, the radial 
flepth of section must be increased from 6 
to 7.5 ft. This will be considered later 

44. To find the total normal and shear- 
ing stresses on the radial section at O, 
draw through the true pole P a line per- 
pendicular to the radius to the neutral 
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line at O, and from the end of the lower 
ray of the force diagram (which, to scale, 
is the resultant on joint at O), drop a 
perpendicular (the shearing force N) to 
the first-named perpendicular, cutting 
off on it the component T of the resultant 
parallel or tangential to the neutral line 
at O. These lines measured to the scale 
of loads give, at O, T = 1 18,400, N = 22,800 
lbs. Similarly, the resultant (given by 
the proper ray of the force diagram) on 
any section can be decomposed into 
shearing and tangential components. 
Thus at a24 it is found that T = 90,000, 
N=0. The bending moment at 0=^H 
= -1.7X87,100= -148,070ft.-lbs.;ata3^ 
the moment is + .59H= +51,389 ft.-lbs.; 
at aio, M= - .34H= -29,614; at 0', M = 
+ .76H= +66,196 ft.-lbs. 

45. The unit stress at the upper or 
lower edge of any (radial) section of the 
arch ring is given by the formula 

T , Uiv 

For the same section the only quanti- 
ties that can vary with the position of 
the live load are T, H, and L Generally 
's is a maximum or minimum when M=H< 
is a maximum or minimum. It is only 
for values of M nearly the same that the 
influence of T may change these results. 
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For a given arch it is only possible by- 
treating single loads and combining re- 
sults to find, with certainty, that posi- 
tion of the live load that gives maximum 
stresses at a given section. (See Art. 75.) 
It is found in this way that for usual seg- 
mental or three-centered arches the live 
load should extend past O approximately 
the following parts of the span CX)' of the 
neutral line, for maximum stresses at the 
section given: 

Section 0, . 35 to . 4 span; 
Section at a24, 0.35 to 0.4 span; 
Section at aj^, 0.5 to 0.55 span; 
Section at 0', 0.6 to 0.65 span. 

In case, then, the method of single 
loads is not used (which alone can give 
certainty), the three positions of the 
live load covering, say, } half-span, half- 
span, and f span should be used. 

In Fig. 15 the live load covers f half- 
span nearly, so that the results above 
should give us the maximum compres- 
sion at the intrados at section 0, and at 
the extrados at section at a^. 

We shall, before taking up the half- 
span loading, show that on shifting the 
live load a little to the right, so that its. 
front reaches to the vertical through a^g. 
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the moments at and aj^ are materially 
diminished. 

LIVE LOAD EXTENDING UP TO a,8 

46. The table of moments for the right half 
is unaltered, also the values of Wjj, m,7, mjg, and 
^19 given there, so that the new table for the 
left half begins as follows: 

P R a dR m 

5,161, 22,009=Wi9 

Pi,=3,128, 8,289, 2.00, 16,578, 38,587=m2o 

P2o=3,259, 11,548, 2.07, 23,904, 62,^91=m^^ 

Pgi =3,363, 14,911, 2.15, 32,059, 94,550 =m22 

The values of loads P«„ P22, . . . P29 are taken 
from the preceding table, and the table com- 
pleted as before. The values of bz are then 
found, the values of hn taken from a preceding 
table, and a table of quantities prepared as 
before. We thus find I(bh)=57A7, I(bL-bR)z 
=338.61, I(bh.y) =400 AS. The values ly, 
1(f), I(z'X 6 = 10.74, J(A;a.i/)=235.17 re- 
main unaltered, however the load is shifted. 
Hence proceeding as in Art. 28, we derive 
I(mb . 2/)=216.93, ^7?i=0. 03242, A:c = 1.084m6, 
II =90,140 lbs. 

We shall only compute ^ or oc for four points. 
At O, ^=—1.51; at a^^, ac=+. 52; at a,o, ac 
= - .39, and at 0', ^= + .98. Thus the bend- 
ing moments corresponding are as follows: 

At O, M = - 1 . 51 X 90,100 = - 136,000 ft.-lbs. 
a24, M = + . 52 X 90,100 = + 46,800 
aio, M=- .39X90,100=- 35,100 
O', M = + .98X90,100 = + 88,300 

By comparing these values with those given 
before, we see that the shifting of the load has 
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materiaUy decreased the moment at O, decreased 
it at 024, A^d materially increased the moments 
at a^o and O'. 

LIVE LOAD FROM LEFT ABUTMENT TO 

CROWN. 

47. For the live load covering the half- 
span, the computation will be given in 
full. 

The table of moments for the right 
half remains the same as in the first case; 
hence the values of bR are taken from the 
first table of quantities. 

The moments from which the values of 
6l are found are given in the adjoining 
table. 



Pdbe.) 


R. 


a. 

1.39 
1.86 
1.89 
1.98 
2.00 
2.07 
2.15 
2.43 
2.62 
3.05 
3.60 
4.30 
6.00 
6.36 
1.38 


aR. 


m (foot-pounds). 


Pi5= 1436 
Pj,= 2770 
P„= 2907 
P«= 3012 
P,o= 3128 
F^= 3259 
P,i= 3363 
P = 3747 

P23= 4337 
P„4= 5070 
P25= 6074 
P2o= 7789 
P2, = 10569 
P^s- 18309 
P^ = 17955 


1436 
4206 
7113 
10125 
13253 
16512 
19875 
23622 
27959 
33029 
39103 
46892 
57461 
75770 
93725 


1996 

7823 

13444 

20047 

26506 

34180 

42731 

57401 

73253 

100738 

140771 

201636 

344766 

481897 

129340 


m,e=« 1996' 
7ni7« 9819 
tHig = 23263 
m,9= 43310 
mjjo- 69816 
iWgi^ 103996 
m22= 146727 
m23= 204128 
m2,= 277381 
m^= 378119 
m2o= 518890 
m27= 720526 
m28 = 1065292 
m2o = 1547189 
0, m = 1676529 


93725 




1676529 
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The last moment was tested by taking 
moments of all the P's about O. This 
checks the entire table. On dividing any 
m by H'= 100,000, the assumed horizon- 
tal thrust, we find the ordinates to the 
equilibrium polygon b at the P's. It is 
sufficiently near to take the mean of any 
two adjacent to get the following values 
of bh=b: 

6i5=.01, 6iQ=.06, 6i7= .16, 6i8=»33, 
&i9= • 56, ?>2o— • 87, ^21 ~ 1 • 25, 622 = 1 . 76. 

The remaining values were computed 
(Art. 39) : 

• 623=2.38, 624 = 3.24, 625= 4.42; 
626=6.09, 627=8.60, 628 = 13.33; 

at O the ordinate to polygon = 16.76. 

In the table on p. 94 the values of 6/? 
and 6l are entered, and the sums and 
products indicated, made out. 

Using the formulas of Art. 28, we have 

im 66.35 
^^~ N ~ 28 ~''-^^' 

^(mfe. 2/) =2.37X300.76 -475.11 =237. 69; 



§47] 



94 



vm IQ)L-hR)z 561.06 



100000 z 



I{z') 



10455 



.05366, 



.-. V=5366 lbs.; vm=0.05372;. 

fe = |(^^m6=i|45^^=^-9894m6 ; 
I{mo,y) 237.69 ' 

H=m4l(100,000) = 101,000 lbs. 

Z6d . 1 / 



LIVE LOAD FROM LEFT ABUTMENT 

TO CROWN. 



Point a. 



1, 

2, 
3. 
4, 
5, 
6, 
•7, 
8, 

9, 
10, 

11, 
12, 
13, 
14, 



28 
27 
26 
25 
24 
23 
22 
21 
20 
19 
18 
17 
16 
15 



^R' 


hL- 


(^z - *j?)«- 


7.51 


13.33 


228 . 72 


4.69 


8.60 


125.75 


3.25 


6.09 


77.67 


2.33 


4.42 


49.11 


1.70 


3.24 


31.11 


1.23 


2.38 


20.01 


.90 


1.76 


12.81 


.64 


1.25 


7.72 


.45 


.87 


4.42 


.29 


.56 


2.30 


.17 


.33 


1.04 


.09 


.16 


.32 


.03 


.06 


.08 


.01 


.01 


.00 


23.29 


43.06 


561.06 


lijih) ■■= 


66.35 


=I(bh.z) 



60.02 

86.25 

78.36 

65.27 

52.02 

40.54 

31.31 

22.92 

16.47 

10.82 

6.44 

3.25 

1.18 

.26 

475.11 
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Hence, confining our attention to 
points O, a24, crown, a^o, and 0', we have: 



Point. 



O 



a 



24 



Crown 



o 
II 



2.34 
1.08 
.00 
.46 
2.34 



c4 

II 

1 



4.71 
3.45 
2.37 
1.91 
.03 



bh. 



16.76 

3.24 

.00 

.29 

9.64 



I 



11 
I 



-12.05 
+ .21 
+ 2.37 
+ 1.62 
- 9.61 



II 



-11.92 
+ .21 
+ 2.34 
+ 1.60 
- 9.50 



II 

I 

4iii 

5^ 



-i.ig 

+ .42 

- .04 

- .3^ 
+ 1.24 



n n 



M at =-119,180 ft.-lbs. 
+ 42,420 
- 39,390 
+ 125,240 



(( (< 



^24 = 






From these results it will be perceived 
that the bending moments at O and aj^ 
have still further decreased, and at a^^ 
and 0' increased. 

This position of the load gives (about) 
the maximum stress at a^). For 0' the 
live load will be extended up to the verti- 
cal through a^. This point is J half-span 
from O'. 
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LIVE LOAD FROM LEFT ABUTMENT TO ttg. 

48. The moments m for the left half are 
now the same as in the preceding ease, 
with the resulting values of 6l. Likev^dse 
^18—^16 of preceding table, ^12=^47, 

^11=^18; ^io=^i9> ^9=^20^ ^J^d ^8 = 
ln2i = 103,996. 

The remaining moments for the right 

half are given in the adjoining table. 



LIVE LOAD FROM LEFT ABUTMENT 

TO a,. 



P (lbs.). 


R. 


a. 

2.15 
2.43 
2.62 
3.05 
3.60 
4.30 
6.00 
6.36 
1.38 


oR. 


m (foot-pounds). 


16512 
?-= 1803 
P-= 2060 
Pe- 2440 
P5= 2940 
P^* 3652 
P3=» 4887 
?«= 6784 
Pi = 12924 
Po = 13680 


16512 
18315 
20375 
22815 
25755 
29407 
34294 
41078 
54002 
67682 


103996 

39377 

49511 

59775 

78553 

105865 

147464 

246468 

343453 

93401 


m^= 103996 
W;= 143373 
7n,= 192884 
m5= 252659 
W4= 331212 
m8= 437077 
W2= 584541 
Wi= 831009 
Wo = 1174462 
0',m = 1267863 


67682 




1267863 





Assuming, as before, a trial thrust of 
100,000 lbs., the ordinates bn are found 
and entered with those for 5l in the next 
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table. The computations then proceed as 
before. 



Point a. 


bji. 


bL- 


(^z;"M«- 


Q>R+hL)y. 


1, 


28 


10.20 


13.33 


123.01 


67.77 


2, 


27 


6.83 


8.60 


56.92 


100.14 


3, 


26 


5.03 


6.09 


28.99 


93.3a 


4, 


25 


3.80 


4.42 


14.57 


79.49- 


5, 


24 


2.92 


3.24 


6.46 


64.86i 


6, 


23 


2.21 


2.38 


2.96 


51.55 


7, 


22 


1.76 


1.76 


0.00 


41.33 


8, 


21 


1.25 


1.25 




30.32 


9, 


20 


.87 


.87 




21.72 


10, 


19 


.56 


.56 




14.26 


. 11, 


18 


.33 


.33 




8.50 


12, 


17 


.16 


.16 




4.15 


13, 


16 


.06 


.06 




1.57 


14, 


15 


.01 


.01 




.26 






35.99 


43.06 


232.91 


579.32 






I(bh) « 


=79.05 


Iib^-bj,)z 


I(f>h.y) 



Proceeding exactly as in previous cases, . 
we find 

AD = 2 . 823, vm = . 02232, 
fa;=0.872?n6, V=2230 lbs., 
H= 114,700 lbs.. 



whence the following values of t or ac 
were computed. 
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g 








• 
1 






«i 




^ 




1 


• 

••a 


(4 

q 


-H 
c4 


bh. 


1 

1 


1 

So 


II <4i 


d 


II 


II 




II 


11 


?o 


1 


1 
.97 


1 




1 


II 


0-* 


o 


3.79 


16.76 


-12.97 


-11.31 


-0.57 


^24 


.45 


3.27 


3.24 


+ .03 


+ 0.03 


+0.24 


§? 


.19 


2.63 


.56 


+ 2.07 


+ 1.80 


-0.19 


.97 


1.85 


12.68 


-10.83 


- 9.44 


+ 1.30 



On multiplying the values of ^ by H= 
114,700, we find the following bending 
moments M: 



M at O = 



ti t ( 



it a 



10 






65,400 ft.-lbs. 
27,600 
21,800 
149,110 



it 



The moments have all diminished except 
the last, which is very nearly the maxi- 
mum. 

49. The following summary of mo- 
ments for the different cases is very 
instructive: 

Load up to 020 O18 crown Og 

MatO -148,100 -136,050 -119,180 - 65,380 
" '' a^-{- 51,389+ 46,850+ 42,400+ 27,530 
*' '*a,o- 29,614- 35,140- 39,400- 21,800 
" ''0'+ 66,196+ 88,300+125,200+149,110 
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It is seen in this example that the maxi- 
mum negative moment at O is about 
equal to the maximum positive moment 
at O'. In this arch, for dead load only, 
t= -0.27 at or O' (Art. 51), and H = 
72,380 lbs.; .*. M = 19,540 ft.-lbs. Hence 
for a similar design, where t for dead load 
is small and negative at O or 0', it would 
seem that if an engineer is pressed for 
time in designing an arch and only one 
position of the live load can be tried, it 
should cover f span or J half-span. The 
maximum moments at O and Og^ will be 
given (nearly) by this position, and the 
positive maximum moment at O' can be 
assumed equal numerically to the nega- 
tive moment at O. 

As to a^o, increase the negative moment 
there by J or more to get roughly its 
maximum moment for the load covering 
the half -span. 

50. A word may be added as to finding 
thrusts and shears at a,o and 0'. For 
ttio, when the live load covers only the 
left half of the arch, the load line above 
ray 14-15 is unaltered; hence from where 
this ray meets the load line, lay off V = 
5366 lbs., to scale of loads, downwards 
to a point; from thence draw horizon- 
tally to the right H = 101,030 lbs., to 
same scale, to P, the true pole for this 
position of the load. Through P draw a 



§51] 100 

perpendicular to the radial section at a^Q. 
The total thrust on this section is given 
by ray 9-10 from pole P. The compo- 
nent of this along this, perpendicular is 
found to be T = 101,800, and the one nor- 
mal to the perpendicular, the shear, 
N = 1600 lbs. 

For 0' the live load extends to a^ and 
the portion of it to thfe right of the crown 
= 8000 lbs. Extend the load line up- 
wards to Q (not shoWh in Fig. 15) a dis- 
tance = 8000 lbs. to scale; lay off V = 
2228 lbs., H = 114,700 lbs., as usual, to 
find the new pole P. Then PQ to scale 
is the resultant thrtlfet at 0'. On de- 
composing it into components normal 
and parallel to the radial section at O', 
we find T= 134,000 IbB., N= 12,400 lbs. 

The term radial section here and else- 
where refers to the tlfeutral line radius 
along which the section is drawn. 

ARCrt SUBJECTED OnLV TO ITS OWN 

WEIGHt. 

51. Tke loading being symmetrical as 
to the Otown, the sumi below will be 
taken in this case to rdfer only to the 
half-arch, and the result! doubled when 
the whole arch is considered. The values 
of y and bit are taken f rotti the table of 
quantities (Art. 39): 
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^j^_2J(M_23^^^ 



N 



14 



664; 



I(mb . y) = ^^^Iy^2I(bR . y). 

Here, to find I(bR . t/), each bR as given 
in the table must be multiplied by the y 
corresponding and the sum taken. Thus 

I{mb .y) = l. 664X300. 76-330.24 
= 170.22. 

From Art. 40, 1(ka . t/) =235. 17. 

/. kc=:r=^r^mb = l,SS2inb; 

170 22 
H = ig:^(iOO,000) = 72,380 lbs. 

Since for any symmetrical load the clos- 
ing line mm, is horizontal, vm is zero. A 
few of the computations are given to 
show the method of forming the table. 







• 




• 




• 


« 

I 


bh. 
9.64 


1 


J 


11 i 





1 

lit 


0' 


-7.98 


-11.01 


-0.27 


-0.27 


«i 


7.51 


-5.85 


- 8.07 


+2.67 


2.88 


-0.21 
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The values obtained for t or ac are as 
follows: 

At 

O', t=-0.27; aiCi= -0.21; a/j^ +.07; 

^3^8= + • 16;* ^A= + • 15; a^c^= 4- . 15; 
aj^e=+.10; a^j=+,02; a^^==+.02; 
a/o= - . 07; ai^iQ-= - . 10; a^^c^^ = - . 08; 

Oi/i2= - .07; ai/;i8= - • H; «iA4= - • 10; 
at crown, ^= — .09. 

Note that the equilibrium polygon 
passes below O' and a^. 

When the arch is s-ubjeded to its own 
weight and to a rolling load covering the 
whole span besides, use the values of 6/, 
from the table, Art. 47, for the left half 
loaded, and proceed exactly as above. It 
is found that H = 129,700 lbs. and that 
it acts 0.01 ft. below the center of the 
crown section, so that the moment there 
is 129,700 X(-. 01)= -1300 ft.-lbs. 

The resultant at the springing section 
now acts al >ve a distance <= +0. 19 ft. 
It has the 1 irgest horizontal thrust thus 
far found, and it should be combined 
with the weight of the abutment acting 
along the vertical through its center of 
gravity, to find the center of pressure 
on the base. The resultant at 0', when 
the load extends to a^ or covers f of the 
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span, should likewise be used, since it 
acts the greatest distance above O'. 

52. The thrust and moment at the crown can 
also be found very briefly as follows: 

The moment at the crown, Art. 47, due to 
live load on one half span and dead load is 
101 , 030 X-. 04 =-4041. 20 ft.-lbs. The mo- 
ment due to dead load only is 72,380 X — .09 
= -6514 ft.-lbs. The difference + 2473 is the 
moment due to live load only, and 2x2473 
= +4946 is the moment for the live load cov- 
ering the whole span, since the thrust, which is 
doubled when the right half also is loaded, acts 
at the same point at the crown as before. 

The horizontal thrust at the crown due to 
live load only, over the whole span, is 

2(101,030-72,380) = 57,300 lbs. 

On adding the thrust due to dead load to this, 
we have 

H = 129,680. 

The total moment at the crown due to dead 
and live loads being 

M = + 4946 - 651 4 = - 1 568 ft.-lbs., 

the thrust acts below the center of the crown 
section: 

as found above another way. The value of H 
agrees with that first found, and the value of 
M differs from the former value because t was 
carried only to hundredths in the first case. 
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REVISION OF SECTION. REINFORCEMENT. 

53. It was seen in Art. 43 that the 
section at O (and hence at O') must have 
a radial depth of 7 . 5 feet. To effect this, 
measure along the radius to the neutral 
line at 0, 3. 75 ft. above and below O to 
define points in the extrados and intrados. 
Pass a circular curve through the latter, 
tangent to the intrados near a^j, say. 
The radius measured was r=30.4. A 
similar curve is drawn at the right spring, 
so that the new clear span is 90—2.50 = 
87.50 ft. Through the point established 
on the extrados on section at O, draw -a 
tangent to old extrados to give a new 
extrados for portion considered. These 
changes are shown by dotted lines on 
the figure. 

In the notation of Art. 37, Fig. 13, we 
have now approximately, by scaling only, 
^ a = 31.3, /t=7.05, R=72.97, r==30.4, to 
define the revised intrados, which is a 
new three-centered curve, giving suffi- 
cient depth at a^, ajj,, O, and O'. 

The centers of pressure on the sections 
at O, ttj,, and 024 ^^^ practically at the 
middle third limits, so that the arch ring 
has been economically designed. 

54. To meet temperature and allied 
stresses, however, the concrete must be 
reinforced with, steel. 
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Mr. Edwin Thacher, M. Am. Soc. C. E., 
has suggested* "that the steel must be 
capable within its elastic limit of taking 
the entire bending moment of the arch 
without aid from the concrete and have 
a flange area of not less than 1/150 part 
of the total area at the crown.'' 

He pertinently adds: ''Though the 
steel can never take the entire j&ending 
moment under normal conditions, it is 
a comfort to an engineer to be assured 
that if, through the carelessness or dis- 
honesty of a contractor, or the incompe- 
tency or connivance of an inspector, any 
part of the concrete should be of poor 
quality, or the specifications as to con- 
tinuous work be disregarded, his work 
will still continue to stand and do its 
duty.'' 

The suggestion affords a basis for esti- 
mating the sectional area A2 of the steel 
for the width, 1 foot, of the slice of the 
arch considered. 

Half of the steel will be supposed 
placed 3 inches from the extrados and 
half 3 inches from the intrados, so 
that at section O the bars will be 7 ft. 
apart. If the elastic limit of the steel 
is 36,000 lbs. per sq. in., and A^ be ex- 



* Engineerinn News, Sept. 21, 1899, p. 179. 
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pressed in square feet, the resisting mo- 
ment in foot-pounds is 

%X7X36,000X144. 

• 

From a preliminary estimate (to be 
given later), the bending moment at O, 
due to a change of temperature of 15° F., 
is about 100,000 f t.-lbs. ; to this add the 
maximum moment due to dead and live 
loads, say 150,000 f t.-lbs., and we have a 
total bending moment at O of 250,000 
ft.-lbs. 

On equating this with the preceding, 
we derive the net section A2= 0.014 sq. 
ft. This is less than 1/150 area crown, 
or § of 1% of 2.75 = 0.018. We shall 
assume A2=0.016 sq. ft., as it seems 
ample to meet the demands. 

APPROXIMATE STRESSES. 

55. The division of the neutral axis 
used in Fig. 15 pertains strictly to a plain 
concrete or masonry arch. Many con- 
structors in this country assume this 
division to be sufficiently correct for a 
reinforced arch. The true division for 
a reinforced arch will be given in Art. 63. 
It necessarily involves more time in com- 
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putation than for a concrete arch, but 
when the "diagram'' is once (even par- 
tially) drawn, the labor is the same in 
either case. 

Assuming, then, for the present that 
the maximum bending moments and 
thrusts found above are approximately 
correct for the same arch reinforced and 
revised in section, we proceed to find the 
stresses at the critical sections by formu- 
las 8 of Art. 16. 

Taking the modulus of elasticity of 
concrete as 2,000,000, and that of steel 
as 30,000,000 lbs. per sq. in., it follows 
that w = 15. Hence nA2= 15X0.016 = 
0.24, and d2=di—0.b. The formula^- 
now reduce to 



Si = 



Md, 



' di-i-0.24-^K'+0.12c/22' 



«2 



= 15 i T Md, ) 

(rfi+0.24'^K'+0.12rf2M ' 



These stresses are in pounds per square 
foot and will be reduced to pounds per 
square inch, to insert in table, in which 
T = thrust normal to section, M the maxi- 
mum bending moment, and d^ the radial 
depth. . 
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• 

c 

I 


T. 


i' 


M. 


rfi. 




Lbs. 


Lbs. 


Ft .-Lbs. 


Ft. 
7.50 


O 


118400 


22800 


-148070 


C2» 


108300 


10140 


- 97500 


5.40 


024 


90000 





+ 51389 


5.22 


OlO 


101800 


1600 


- 39390 


2.81 


O' 


134000 


12400 


+ 149110 


7.50 



Stress 
Intrados. 

Lbs. 
per Sq. In. 



» «i= 208 
) «2= 3010 
t «i= 260 
I «2=3710 
I «i= 12 
) «2= 577 
) «i= 410 
( 02=5660 
\ »i= 19 
I »2= 396 



Stress 
Extrados. 

Lbs. 
per Sq. In. 



«i= 5 
«2= 177 
«i= 8 
«2= 292 
«i= 350 
«2=4860 
«i= 55 
«2= 1300 
«j= 223 
«2= 3230 



«] = «<r«a« in pounds per square inch in concrete; 
82— atrees in pourvie per square inch in steel. 

It will be observed from the results in 
the table that the largest stress in the 
concrete is 410 lbs. per sq. in. at a^o, and 
that there is no tension anywhere. The 
maximum stress in pounds per square 
inch in the steel is only 5660. 



CHAPTER IV. 
TEMPERATURE AND ALLIED STRESSES. 

56. The stresses due to temperature 
for the arch without hinges are very 
lorge when the range of temperature t^ 
above and below the mean is large. It 
will be supposed that the arch is with- 
out weight and that it exactly fits be- 
tween the skewbacks without stress at 
this mean temperature. In other words, 
if the arch was laid on its side on a per- 
fectly smooth horizontal platform, with 
the assumed span, skewbacks, and rise, 
it would be without stress at the mean 
temperature. 

This range <®, which will be expressed 
in Fahrenheit degrees, is fully equal or 
greater than the range of the atmosphere 
for metal arches, but it is nothing like so 
great for stone or concrete arches, other- 
wise we should be forced to stop build- 
ing them. The stone, earth filling, and 
concrete are such great non-conductors 
of heat that the average range for the 
whole arch above and below the mean 
doubtless does not exceed 20° F., or 40° F. 

110 
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entire change. The main reason for this 
belief is the fact that stone and concrete 
arches have stood for so many thousand 
years, whereas if they had actually ex- 
perienced large extremes of temperature, 
they would have crumbled long ago. 
One direct observation can likewise be 
appealed to. Professor Howe in ** Sym- 
metrical Masonry Arches,^' p. 119, says: 
'^A recording thermometer placed in the 
ring of a reinforced-concrete bridge hav- 
ing earth filling indicated that the total 
range of temperature change did not ex- 
ceed, about 20° F. in some ten or twelve 
months.'' In open-work spandrels, par- 
ticularly when the arch is composed of 
separate ribs of small section, the range 
must be necessarily greater. The chances 
are against such thin ribs standing if 
temperature stresses have been ignored 
in their design. They doubtless never 
experience the range of temperature 
of steel which is quickly heated to the 
temperature of the air at its maximum 
or minimuni during the day; whereas it 
may take days for even a small mass of 
concrete to attain the average tempera- 
ture during the interval. 

Constructors who utterly ignore tem- 
perature stresses in open spandrel work 
are doubtless laying up for themselves 
some failures. 
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In applying the theory that follows to 
concrete arches, an approximation has 
to be resorted to: that tKe arch ring 
throughout has the same temperature. 
Of course at extreme air temperatures, 
the outside of the ring has a different 
temperature from the inside or the part 
next the earth filling. The theory, how- 
ever, exactly applies to those periods 
when the temperature is uniform through- 
out. 

The coefficient of expansion per degree 
Fahrenheit, £, has been given values 
varying from .0000055 for a 1:2:4 con- 
crete, to .0000065 for a 1:3:6 concrete. 
Although even higher values have been 
given, in what follows e will be assumed 
to equal . 000006. 

57. If I is the span of the neutral line 
in feet, and we suppose the temperature 
to rise t^ F. above the mean, if the ends 
of the arch were free the span would be 
increased ht^ feet, since the increase is 
made up of the horixontal projections of 
the changes for each small portion of the 
. arch. 

To bring these ends back to the first 
position, it will suffice to suppose hori- 
zontal forces acting inwards at each 
spring. The arch will now become more 
bowed and the end tangents will rise. 
Since for the arch fixed at the ends the 
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end tangents must not change position^ 
couples must now be added at each abut- 
ment to force the end tangents to assume 
the original position at the mean tem- 
perature. The couple at the left spring 
must evidently be right-handed to cause 
a lowering of the end tangent there. For 
a fall of ten^erature the left couple will 
be left-handed, and the forces at the 
springs will act outwards. 

In Fig. 16 let aa^ represent part of the 
neutral line and ab the half-span.. To 
fix the ideas, suppose a rise of tempera- 
ture t^; then there will be a horizontal 
reaction H at a, acting from a towards 6^ 
and a right-handed couple also at a. 
From, symmetry at the right spring there 
will be a reaction H acting inwards, and 
a left-handed couple of equal moment 
to that of the couple at a. Let this bend- 
ing moment = H . aA;; then we can sup- 
pose it produced by a horizontal force H 
acting to the right along kk^ and another 
horizontal force H acting to the left at a. 
The latter balances the reaction H there; 
hence a single force H acting to the right • 
along kk^ produces the same effect as the 
reaction and couple supposed at the left 
springing. A similar state of affairs 
exists at the right abutment, only H 
there acts along kk^ to the left and thus 
exactly balances the H acting to the 
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right. The reactions thus exactly bal- 
ance, which should be the case, since 
there are no loads horizontal or vertical 
acting on the arch. 
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Considering again the left half, the 
bending moment at any point a^is H . A;^^, 
due simply to the single force H acting 
to the right along kk^. We reach this 
same result by using the reaction H and 
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couple with moment H . afc, both acting 
at the left spring. Thus 

H . bfi^—H . aA;=H . ft^^. 

The moments for points either side of 
kkg will evidently be of different sign. 

For a fall of temperature the forces H 
above are all reversed in direction; other- 
wise the investigation is similar to the 
above. 

Suppose now the neutral line is divided 
into such lengths Sj, Sj^ • • • that s-^I for* 
a concrete, or s-T-CIj-l-nla) for a steel- 
concrete arch, is constant; then to fix 
the line k^k^y we have, by equations 13 
of Art. 19, since for any a, M = H . &a = H^^ 

J(fca)=0, l{ka.x)=0. 

These conditions, being the same as those 
fixing the closing line kk^ of Art. 25, 
show that kk^ lies at a distance e = (ly) -t- 
N above the line a6, and coincides with 
the line thus previously established. 

Because the reactions considered have 
produced a virtual change of span let°, 
since the arch altered by temperature has 
been brought back by the reactions to the 
original span, we have, by Art. 17, 
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the sjummation extending over the entire 
span. For a non-reinforced arch of any 
material, make Ij = 0. Since ka = y—e, 



N 



EZd° It + nig 



ly^—ely s 

If the dimensions are all in feet E^ must 
be expressed in pounds per square foot; 
then H will be given in pounds. If E^ 
is in tons per square foot, H will be given 
in tons. 

58. The following construction for I{)za . y) 
is interesting and may serve as a check. 

1. For the part below kk^, describe circles 
on kfi^y kJ32i ... as diameters; the interaections 
of the horizontals through a^, a^, , . . with these 
give the lines 1, 2, . . . which, measured to the 
scale of the arch and squared, give the products 

ajc^.h^a^, ajc2-^2^2y ^^^' Therefore in the figure 
just below this part of the arch, draw 2 perpen- 
dicular to 1 of the lengths above; the square 
of the hypotenuse of the right triangle is equal 
to 12+2^. Next draw 3 perpendicular to this 
hypotenuse; we have then r^ = P+2^-f3^. 

2. Next consider the part of the arch above 

kk^. On 6505, h a^y . . . J as diameters, describe 
circles; from tlieir intersections with kk^, draw 
lines to a^, Oe, . . . , and denote the lengths of 
these lines by 5, 6 ... ; then as before find s^ = 
the sum of their squares. 

3. Draw a perpendicular / to r of such 
length that s is the hypotenuse of the right tri- 
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angle whose three sides are r, «, and t. Then 

/* = s* — r' == '^ak . y. Hence measure t to the scale 
of the arch and square the number found, which 

square is thus equal to lak . y required, whence 
IT may be found from the precedmg equation. 

Example. — Let the span of a steel arch of 
constant section be 518 ft., the rise 51.8 ft., EI 
«= 39,680,000 foot-tons, and Ze<= 0.2735 feet U 
is taken as .000012 for V C), t being 44*^ C. 
(about 80** F). 

On dividing the semi-arch, drawn to a scale 
of 20 ft. to the inch, into sixteen equal parts, 
and proceeding as above, we find ^^=3944 = 
IQca.y)] .-. H= 82.4 tons. Winkler's formula 
(omitting the very small term k) gives H=81.9 
tons. Here a=22** 37', r=673.4 ft. 

See the writer's "Theory of Steel-concrete 
Arches and Vaulted Structures," p. 72, for Wink- 
ler's formula and a comparison between results 
as given by the correct analy^tical method and 
two approximate methods, mcluding the one 
given aoove. 

59. After H has been computed by the 
formula above, to find the stresses at 
any section a, H must be resolved into 
components perpendicular and parallel to 
the section. The first-named component 
=T, and since M = H.fca, on substitut- 
ing numerical values for T and M in 
formulas 8 of Art. 16, the stresses are 
found. 

The following neat construction ap- 
plies in finding the components when 
OGg is a circular arc. Lay off to scale a 
horizontal line AB=H (not drawn in the 
figure). Describe a semicircle on AB as a 
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diameter. Throu^ A draw lines parallel 

to the radii at a^, a, , to intersection 

with semicircle. The lines from such 
intersections to B, to scale, give the 

values of T at a,, a, since they are 

perpendicular respectively to the lines 
first drawn. 

To ascertain the character of the stresses 
at a section, as that at a„ conceive the 
right half dF the arch removed and its 
action upon the left half to be replaced 
by a single force H acting along kk^ to the 
left for a rise, and to the right for a fall, 
of temperature. Then conceiving two op- 
posed horizontal forces at a^ each equal 
to H, the result is a couple whose moment 
is H . A,a, and a single force at a^ which 
acts to the left for a rise, and to the right 
for a fall, of temperature, as does also its 
component T. 

For a m6, T thus causes uniform com- 
pression on the cross-section at a^ and the 
couple, being left-handed, causes compres- 
sion at the extrados, tension at the intra- 
dos. The greatest unit stress is now com- 
pressive at the extrados. Similarly for a 
fa II J T induces a uniform tension over 
the cross-section at Oj and the couple, 
being right-handed, now causes tension a^ 
the extrados, compression at the intrados, 
so that finally the extrados suffers the 
greatest stress, and it is tensile. 
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It is easily seen that the results are 
reversed for sections at points a^, a^, . . . > 
which lie above kk^. 

For points in the right half of the arch, 
conceive the left half removed and that 
its action on the right half is the same as 
that of the single force H acting along 
kk^ to the right for a rise, and to the 
lel't for a fall, of temperature. The con- 
clusions are as above as to the character 
of the greatest stresses at the edges. 

60. As an illustrative example, let us con- 
sider the reinforced arch of Arts. 53, 64, accept- 
ing the division of the neutral axis as leading to 
approximately correct results. In this division, 
I-^s=[l/12](4.84)»^10.2=0.9263,«°=±1.5°F., 
/=90,* € = .000006; .*. let=O.OOSl ft. change 
of span. Take El =2,000,000X144 lbs. persq. 
it., ly^-ely ^2S5.Q. 

H=-^ii^ 1=9170 lbs. 
ly^ — ezy s 

As the stresses in the concrete at the extrados 
and intrados are alone of interest, the following 
numerical values are inserted in the formula for 
«,, Art. 55, and the results divided by 144 to re- 
duce to pounds per square inch. 

AtO, T=7400, M=9170X10.74, d,^7.5. 

The results of the substitution and reduction 
are +74, —60, which, being interpreted as 
above, give: 

For a rise, stress = 74 lbs. per sq. in. com- 
pression at extrados, 60 tension at intrados. 

*l=0(y^S7, but as s was taken rather small, the 
round number 90 for / was used. 
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For a fall of 15** F., stress = 74 tension at 
extrados, 60 compression at intrados. 

At a^, T = 7900, M=9170X7.86, d,=5.4. 

Rise: 93 comp. at ext., 73 tension at int. 

Fall: 93 tension at ext., 73 comp. at intra- 
dos. 

The moment at a^t being small, the stress 
there will not be considered. 

Ata,o, T=9100, M=9170X2, d,=2.81. 

.'. for a rise, the stress is 102 comp. at int., 63 
tension at ext. 

For a fall, 102 tension at int., 63 comp. at ex- 
trados. 

These stresses will be combined with other 
stresses in Art. 62. 



CHANGE OF SPAN. ELASTIC SHORTENING 

OF THE ARCH. 

6i. In case the abutments give a small 
amount, the span of the neutral line is 
increased a small amount J. The cor- 
responding value of H is found by re- 
placing let^ in the formula above by J. 
The effect is equivalent to a fall of tem- 
perature which requires the unstrained 
arch to be fitted to a larger span. 

The result is the same for the elastic 
shortening of the arch, due to the tan- 
gential forces T, causing uniform com- 
pression on each cross-section, and hither- 
to neglected. For a given loading, the 
sum of the horizontal projections of the 
shortening of each part of . the neutral 
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line, due to the corresponding T, which 
can be computed, is the change of span, 
and replaces Ut^ above. 

It io rarely necessary to enter into such 
refinements, however, simple as the work 
is, since strictly several loadings would 
have to be considered. 

If the stress / in pounds per square 
foot, due to T only, was the same on 
each cross-section of the arch, the change 
of the span of the neutral Une would be 

^, where I is the span in feet and E is 

the modulus in pounds per square foot 
(not inch). Howe, in *' Symmetrical Ma- 
sonry Arches,'' states that *'For fixed 
arches having a ratio of rise to span of 
1/10, the effect of the axial stress is to 
reduce the magnitude of the horizontal 
thrust about 30%, while for a ratio of 
2/10, this percentage drops to about 
10%.'' These percentages must evidently 
vary very much with the span, dimen- 
sions of arch ring, and loading. 

For the arch, iFig. 15, when the live 
load extends from the left abutment to 
Gjo, the forces T, divided by the depths 
(areas) at the points named, give the 
normal stresses on the sections as follows: 
At 0, 15,300; crown, 34,000; a^,, 26,100; 
a^Q, 32,900 lbs. per sq. ft. 

Take /= 25,000 as a rough average, 
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then the change of span due to the uni- 
form compression is 



fl ^ 25,000X90 
E "2,000,000X144 



=0.008 ft., 



or the same as for 15° F. fall of tempera- 
ture. The stresses at O, Ojs, and a^^ will 
then be the same and of the same char- 
acter as for a 15° fall of temperature 
already computed. As these stresses are 
caused by the forces T acting along the 
neutral axis of the arch, let us designate 
them as ''axial ^' stresses. 

62. On combining the maximum 
stresses previously found in the concrete 
for the revised reinforced arch of 87.5 
ft. clear span, 18 ft. rise, we deduce the 
following resultant stresses in pounds per 
square inch. In the table, + stands for 
compression, — for tension. 



a 
•0 


Fiber. 


D.&L. 
Loads. 


Axial. 


D.&L. 

& 
Axial. 


Temp. 

± 
16 F°. 


Max. 
Comp. 





upper 


+ 5 


- 74 


- 69 


± 74 






lower 


+208 


+ eo 


+268 


± 60 


+ 328 


f^» 


upper 


4- 8 


- 93 


- 85 


± 93 






lower 


+260 


+ 73 


+ 333 


± 73 


+ 406 


^in 


upper 


+ 55 


+ 63 


+ 118 


±102 






lower 


+ 410 


-102 


+ 308 


± 63 


+371 



Max. 

Ten- 
sion. 

-143 
-178 
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The steel is subjected to very little 
stress. Thus at a^g the maximum com- 
pression at the lower bar, due to all 
causes, is only 5740, and the tension at 
the upper bar is only 2330 pounds per 
square inch. 

The steel has thus a great excess of 
strength, and it would appear at first 
sight that it should be reduced in section. 
This would be extremely inadvisable, for 
no allowance has been made thus far for 
a slight yielding of the abutments or the 
unknown shrinkage of the concrete from 
setting in air. The stresses from these 
two causes are unfortunately of the same 
character as those due to a fall of tem- 
perature and the axial forces; they thus 
all conspire together.* 

The provision of Mr. Thacher in his 
specifications, that the steel should be 
designed to take all the bending moment, 
is a wise and prudent one. The bending 



* Practically no information exists as to the shrink- 
age of concrete. The coefficient of shrinkage of 1 : 3 or 
1 : 5 cement mortar has been given as varying from 
0.0008 to 0.0015. Considfere found for a 1 : 3 mortar 
with a reinforcement of 6^% of steel, a coefficient of 
0.0001 . This coefficient would entail a shortening of the 
span=90X.0001=.009 ft., or greater than the change 
due to 15° fall of temperature. Concrete must have a 
smaller coefficient than plain mortar, since the sand and 
stone are unaffected, but it can hardly be less than 1/10 
the above, or say 0.0001. Reinforcement will diminish 
this, but the shrinkage will put the steel under com- 
pression and the concrete under tension — a state of 
initial stress. 
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moment due to temperature at least 
should be included in this, as was done 
above. 

Recurring to the table, we note the 
greatest compression to be 406 lbs. per 
sq. in., which is less than the usual safe 
allowance 500. For dead and live load 
only, there is no tension. With the added 
stresses the maximum tension is 178 lbs. 
per sq. in., which may not even cause a 
hair crack at the extrados at Ojg. If all 
the stresses were 100 lbs. more, I cannot 
see why they are not as admissible as 
for the case of a reinforced beam which 
is expected to crack on the tension side. 

It is stated in some specifications that 
no tension in the concrete will be allowed. 
This, however, refers only to the dead- 
and live-load stresses, and is a provision 
that has improved design materially, and 
it should be* retained — with the limitation 
of course. 

Temperature and allied stresses were 
not computed, the steel being supposed 
to provide for such. As a matter of fact, 
as we have seen above, the steel is 
stressed very little, but it furnishes a 
large reserve of strength to meet unfore- 
seen emergencies — bad workmanship, 
yielding of the abutments, increase of 
loads, etc. A plain concrete arch should 
never be built. Shrinkage has full play 
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and there is no reserve of strength. A 
stone arch is better. 

As the arch we have been examining 
satisfies all conditions, is economically de- 
signed, and has quite a reserve of strength, 
it seems unnecessary to redivide the neu- 
tral line and make a recomputation on 
account of the added reinforcement. 

• With the notation of Art. 37, Fig. 13, the 

arch with a clear span of 87.5 ft., rise 18 ft., 

measures a=31 .3, /i=7.05. If the original 90- 

ft. clear span is desired for the same h, lay off 

90 
a = 5=-r(31.3)=32.2 and draw the intrados as 

in Art. 37. By measurement on the drawings 

R=76.75, r=30.93. 

To have nearly the same depth of arch ring 
as before, lay off the vertical depth 4.4 ft. at 
Oj and a„ upwards from the new intrados to 
points. Pass a circular curve through these 
points and the extrados at the crown, to mve 
the new extrados except near the ends. The 
radius is about 99.75 ft. The points O, C^ 
being 6.25 ft. above the span line and 43.54 
ft. either side of the center vertical, make the 
sections there 7.5 ft. deep. From the upper 
ends of these sections, draw tangents to the 
new extrados, to define the extrados near the 
springs. 

For railroad arch bridges of this type bear- 
ing heavy loads, it may suffice for a trial curve 
to assume the ratio of /i to the rise as 7 : 18 and 
of a to the half-span as 32 : 90. 

Shear. — ^The shear along any section of 
the arch ring is usually so small that the 
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concrete can take it with safety. Thus at 
O the shear from dead and live loads 
and 15° F. rise of temperature is 22,800 
+5500=28,300 lbs. This acts on an 
area of 12X7.5X12 square inches, so 
that the total shear in pounds per square 
inch is only 27. Although this is small, 
yet it gives an added security to rein- 
force for shear, particularly to avoid pos- 
sible shrinkage cracks. 



CHAPTER V. 

.REINFORCED CONCRETE ARCH. 
METHOD OF SINGLE LOADS. 

63. Let us consider again the arch of 
Fig. 11, to which will now be added a 
reinforcement of steel § of 1% of the 
area of the cross-section at the crown. 
The span of the center Une of this arch 
=30 ft., the rise 8 ft., depth at crown 
2 ft., radial depth at springs 5 ft., and 
the earth filling extends 3 ft. above the 
crown. The arch ring is supposed to 
weigh 150 lbs. per cu. ft., and the earth 
100 lbs. per cu. ft., whence the height of 
earth over the ring is ever3rwhere reduced 
to § the original height, to facilitate the 
computation of weights which are made 
out as in previous examples. The live 
load will be taken at 800 lbs. per 
sq. ft. 

Assuming as usual a lamina of the 
arch 1 ft, thick between vertical planes 
perpendicular to its axis, the area of the 
cross-section at the crown is 2 sq. ft.; 

127 
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hence the net area of the reinforcement 
(after deducting rivet holes) is 

A3 = §of l%of2=^sq.ft. 

Assume, using notation of Art. 7, 

n=E2-^Ei = 15; /. 15A2=0.20. 

Calling d the radial depth of the arch 
at any point, and dj the distance between 
the steel bars, if these bars are placed 
0.2 ft. from extrados and intrados re- 
spectively, we have 

d2=d—0A. 

Also, nlj = 15 Aj^ = . OM^^ 
and 

We desire to di\dde the neutral line so 

s s 

that J , J or . 3 , ^- , o shall be 

constant, or so that -^ ;: — r shall be 

a' + . 6^2 

constant. 

To secure approximately 8 divisions of 

the semi-arch, take the average length of 

a division equal to length of neutral line 

from crown to spring divided by 8, or 
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17.68/8=2.2 ft., and take the average 
depth as that at the mid-point, d=2.38. 
The ratio above becomes, then, since 
^3=1.98, 



2.20 



d^ + .erf^^ 21. 48 + . 6(5. 66) 



=0.089. 
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Fia. 17. 

Since this is very roughly approximate, 
change it to 0. 10, and write 

s=0.10(d«+0.6(^2'); 

where d is the radial depth at the middle 
of a division and d2=c?— 0.4. 

In the diagram adjoining, the length I 
from the spring, measured along the neu- 
tral line to a point, is laid off as an ab- 
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scissa and the value of d for that point 
(as measured from the drawing) is plotted 
as an ordinate; also the value of (d^-\- 
O.Wj') is plotted as an ordinate. In 
practice the last expression is con^puted 
as we proceed in the following tentative 
method, so that only the parts of the cor- 
responding curve actually needed are 
drawn. Only two or three trials are re- 
quired for the first two divisions, after 
which the work proceeds more rapidly. 
The final results for a few divisions will 
be given to illustrate a method of keep^ 
ing notes. 

I = distance to middle of division. 

Ze= '' '' end 

Try Si = 7, .-. I =3.5, rf = 3.97, ^2=3. 57; 
s=.l(62.57 + .6X12.7)=7.02; .-. ^^ = 7. 

Trys2=2.7,.*.Z=7 + 1.4,rf=2.87,rfj=2.47; 
.-. s = 2.73; .-. take ^2=2. 7; .-. le = 9.7. 

Try 83 = 1.8,.-. i = 10.6, rf= 2.49, (^2= 2.09; 
.'. s = 1.8; .'. takes3 = 1.8; /.le=ll.5, 

ecc, eirC. 

We thus find 

85 = 1.2, S«=l.l, 87=1, 8«=1, 
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a total length of 17.20. The length of 
neutral line from crown to spring, meas- 
ured along shorter chords than in first 
example, is 17.68; hence the simi of 
the s's must be increased 0.48, or 0.48 
H- 17.2=. 028 per foot. 

Making the increase of each s in pro- 
portion to its distance, we have the in- 
crease of s„ 7X. 028=0. 196; of Sj. 
2. 7X. 028=. 076, and so on. 

The resulting values of s are: 

Si = 7.20, 82=2.77, 83=1.85, s^=1.44, 
55=1.23, .^e=1.13, 87 = 1.03, 88 = 1.03. 

The new ''constant" for Si = 7.20 is 
Sl-^(d' + . 6^22)^0. 104; hence 

8=0. 104 W' + . 6(^2^). 

This leads to 82 = 2 . 77, 83 = 1 . 77, s^ = 1 . 43, 
etc. ; so there is no need for making any 
change from the previous values. 

We have seen in every example that 
the law of proportionate increase is justi- 
fied; hence practically one trial deter- 
mination of 8i, 82, . . . is sufficient. The 
values can then be corrected by propor- 
tion as above. Considering the many ap- 
proximations introduced in the theory, 
it seems absurd to refine too much on 
this division of the neutral line. 
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As the proposed tentative scheme need 
not take over two hours in the case of 
ten divisions, where the reinforcement is 
included, there seems no good reason 
why the reinforcement should be omitted 
in the computation, as is so commonly 
done. 

The lengths Sj, Sj, . . . , ^g being laid off 
.'n turn from the springs to the crown 
along the neutral line, the mid-point of 
each length is marked a with the proper 
subscript. Verticals are now drawn 
through the a's and the crown, limited 
bv the intrados and the reduced contour 
of the earth filling. The area between 
any two consecutive verticals multiplied 
by 150 gives the weight in pounds of the 
P corresponding to the dead load. The 
width between the verticals multiplied 
by 800 gives the live load. Any load is 
supposed to act midway between the ver- 
ticals. The values of P^, Pg, . . . , P^e are 
given farther on in tables, corresponding 
both to dead and live loads. 

64. We shall first find the position of 
the equilibrium polygons corresponding to 
loads unity, acting along the same verti- 
cals as the*^ P's. In Fig. 18 the load P = 1 
acts along the vertical through Cp a hori- 
zontal distance p from O. In the force 
diagram on the left, the load P=l is laid 
off vertically, and through the top of 
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the load line, a horizontal H' = l is laid 
off to fix P', the trial pole. The trial 
equilibrium polygon now consists of two 
lines, the horizontal BpB' and the line 
BBp making an angle of 45° with the 




horizontal. This h most accurately ef- 
fected by laying off HB = p, The points 
h of previous constructions to the right 
of Bp now coincide with points b, so that 
for such points, bk=0. 

The constructions and formulas of pre- 
ceding chapters apply here throughout. 
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The slight change in the demonstration 
is noted below.* 

Observe that capital letters are used, 
corresponding to the points O, Cp, and 
O', to avoid the possibility of inadvert- 
ently including some of these points in 
the summations I{hh)y l(bh . 2), I{hh . y), 
which refer only to the points a^ to a,^. 

Note, too, that if the scale for the 
arch is such that p can be read to 0. 01 ft., 
then bh can be scaled off within about . 01 
ft.; otherwise bh=hBp and hBp can be 
measured. 

The sums given in the following table 
are common to all the separate loadings. 



* The only change in the demonstration of Art. 23 
consists in this, that mh will be essentially negative when 
m lies above Ah, and the same is true of nh when n is 
above Ah. Thus consider two symmetrical points a 
and «! in Fig. 18, each at a distance zi from the vertical 
AD. We have 

vh + ViAi= vh + mv + Vi^i — miVi= mfc + mj^i, 

provided we regard nixhi as essentially negative. As 
similar results obtain for any two symmetrical points, 
we have I vh= "S . AD= I {mh), whence I(jbh)= I{mh), 
as in Art. 23- 

Nextj in treating mh and rriihi as forces, if mh is sup- 
posed to act down, tnjfei, being negative, must act up, 
so that both must give positive moments about A. 
Now, mh . Zi and — m^/ii . «i are both positive (mi^i being; 
negative), and 

{mh — mihi)zi= [mv + vh — (vihi — mit'i)]«i= 2mv . Zi. 
.'. 2(mh.z)= limv.z). 

The above conclusions all hold for the trial line nni of 
Art. 23 on simply chan^cing w to n. The subsequent 
deductions of that article, follow!: g eq. (t), obtain mdth- 
out change. 
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Point. 


p- 


V' 


v^ 


z. 


«2. 


tti, a^ 


4.27 


2.77 


7.67 


12.72 


161.80 


«2> «15 


7.30 


5.74 


32.95 


8.73 


76.21 


<hf <*i4 


9.12 


6.72 


45.16 


6.65 


44.22 


«4» «18 


10.57 


7.28 


53.00 


5.08 


25.81 


aj, a,2 


11.78 


7.60 


57.76 


3.79 


14.36 


tte, Oil 


12.91 


7.81 


61.00 


2.63 


6. 92 


<hf «io 


13.98 


7.92 


62.73 


1.53 


2.34 


Og, «J 


14.76 


7.96 


63.84 


0.51 


.26 






53.83 


384.11 




331.92 




^?/= 


2 


2 




2 




107. 6€ 


768.22 


663.84 








=^{y') 




= I(z^} 


e-^2/_l 


07.66 


=6.729 






M 


16 








Uka . y) 


= ^(y') 


-e2'2/=43.67 







65. In the first table following, P = l 
is supposed to coincide with P9. The* 
ordinates bh = hy to the right, are all zero, 
so that the column for bR disappears 
from this and subsequent tables. SimU 
lady when P = l coincides in turn with 
PjQ, Pii, etc., the ordinates bh (whether bR 
or 6l) to right of P^,, P^,, etc., are all zero. 
The ordinates bL to the left of P are 
found from the first set when P coincides 
with Pg, by subtracting a constant — the 
distance between the two positions of 
P = l. Hence on determining the first 
set with accuracy, the other sets are de- 
termined with equal accuracy. 
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• 

2 


Pi8-1. 


Pi6-1. 


f>L' 


6l*. 


^lv- 


hL- 


hit. 


ft/^y. 


Ol« 


5.04 
1.04 


64.11 
9.08 


13.96 
5.97 


2.01 


25.67 


5.57 


*»i« 


T(h\ 


r/Bw «\ 


r/k •A 




6.08 


73.19 


19.93 


^\0) ^vw.*y 1 Ji\v.yf 


AD-0.380. JCmd.y) -20.98. 


AD-0.1256. i'(m6.y)-7.95. 


V2tmi_ 73.19 
1 2 663.84 "•^^"^• 


Va^rm^ 25.57^ 
1 z 663.84 "•"•^^• 


A:c=2.081m6. 


ibc» 5. 493m6. 


H« 0.4804. 


H= 0.1820. 



The general formulas used in the ad- 
joining tables are: 



AD = 



N 



I{mh.y)=kYi.Iy-2Q>.y). 



J_2 — _ — 
1 

he 



I(b . z) 
I{z^ ' 



vm 
z 



I{mh . y) 



H = 



^(mh . y) 
I{ka . 2/)' 



66. Next in order we must compute i/^, 
the ordinate of Cp above 00', as well as 
q = OC and Cj-O'C. The method of 
making out the table is the same as 
hitherto used and will be given only for 
Pj=l. The values of ac for any point 
on the neutral line can be found simi- 
larly. 
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Se4 




mS 
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7.27 


^ 




:?< 
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15.00 


9.75 


14.76 


-5.01 


-4.58 


^p 


.25 


.12 


2.60 





+ 2.60 


+ 2.38 


O' 


15.00 


7.27 


-4.79 





-4.79 


-4.38 



1 + 
+'^ 



+ 2.15=ci 

+ 9.11—1/0 t 

+ 2.35—C2 



The values of q, Cj, and y^, thus obtained 
for all the single loads are entered in the 
following table. The values found above 
for H and V2 are also entered, and the 
moments Mi = Hci, M2=Hc2 at the springs 
computed. 



GENERAL TABLE— LOAD UNITY. 



Rise 
Span' 



30* 



• 

II 

a. 


Ci. 


Vo- 


C2. 


H. 


V2. 


i 

II 


i 

11 












^ 


s 


P« 


+ 2.15 


9.11 


+ 2.35 


1.094 


0.485 


+ 2.352 


+ 2.571 


Pio 


+ 1.82 


9.12 


+ 2.63 


1.078 


.437 


+ 1.962 


+ 2.835 


P11 


+ 1.27 


9.12 


+ 2.96 


1.032 


.372 


+ 1.311 


+ 3.055 


P^? 


+ .56 


9.13 


+ 3.27 


.953 


.307 


+ .534 


+3.116 


Pi« 


- .35 


9.17 


+ 3.54 


.841 


.243 


- .294 


+ 2.977 


P|4 


- 1.78 


9.21 


+ 3.85 


.686 


.176 


-1.221 


+ 2.641 


P|5 


- 4.23 


9.29 


+ 4.09 


.480 


.110 


-2.030 


+ 1.963 


Plfl 


-12.88 


9.70 


+ 4.31 


.182 


.038 


-2.344 


+ .784 



The equilibrium polygons correspond- 
ing to the loads P^, P^q, etc., are drawn in 
Fig. 19. 
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It is evident that if, in Fig. 18, a load 
P other than unity is considered and laid 
off on the load line, then to follow the con- 
struction there we must make trial H or 
H' = P. The values of hh do not change; 
hence AD, I(bh . «), I{bh . y), I{inb . y) 
are unchanged, and the only change in 

V 

the last formulas is that p-^ takes the 

. - Vj J H I(mb . y) . , 

place of -^ and p = -jg^y m words, 

Vj and H are P times the values corre- 
sponding to a load unity as taken from 
the table. From the scheme for find- 
ing Cj, Cj, and i/^, it is plain that these 
quantities remain the same for any value 
of P. 

Note. — Any load, as Pi4, is a distributed load 
on a di\Tsion of the arch, and hence its true 
equilibrium polygon over the division is a curve 
which falls below C/> and which is tangent to 
the two straight sides of the equilibrium poly- 
gon for load unity at the edges of the division 
or in the same verticals with the points a on 
either side. The moment H . ac at any point 
a is thus exactly given when the loads P are 
taken to include the part of dead or live load 
between verticals through consecutive a's. 
Other authors adopt such divisions of the arch 
that P acts vertically through a. The moment 
H . aCp is thus considerably in error, and the 
equilibrium polygon resulting is not so accu- 
rately drawn. 
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DEAD-LOAD MOMENTS AND THRUSTS. 

67. In the following table for the 
dead loads P, the weight in pounds of P 
is given in the second column, and the 
value of H for load unity in column 3; 



VALUES 


OF H AND 


M.^tf, FX3R 


DEAD 






LOAD. 




^ 






^ 


a^ 




306 


1,094 






(2)X(S). 




.)- 


M, + «, 


M,. 


P.. P. 


335 


+ 4,923 


+ 1506 


P;- P.0 


612 


1.078 


660 


+4.797 


+2936 


P„ P., 


672 


1,032 


694 


+4.366 


+ 2934 


Pi. P» 


741 


.953 


706 




+ 2705 


P.. P.. 


876 


.841 


736 




+ 2348 


Pa- P.. 


1168 


.686 


801 


+ 1,420 


+ 1668 


P.. P.s 


1803 


.480 


865 


- .067 


- 121 


P,. P,. 


4932 


,182 


898 


^1.560 


-7694 



the product of these gives the H corre- 
sponding for the successive loads. Loads, 
as Pg and P„ symmetrically placed of 
course have the same value of H, but 
the values of M, and Mj are interchanged. 
Thus the value of M, for Pg is the value 
of Mj for P,. Hence in column 5 the 
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Talues of Mi+M2 for load unity are de- 
rived from the preceding table and each 
multiplied by the corresponding P to 
give the M^ for the two symmetrical loads. 
Point* 0. The total dead load Mi= + 
6272 ft.-lbs. = M2 (from symmetry), and 
the total horizontal thrust = H = 1 1,390 lbs. 

. _ J^Mi_H-6272_ 
.. ^i-^2-h-TL390""^"-^^ ^• 

Hence, omitting for the present the loads 
to the right of a^ and to the left of Oi^, 
the resultants at the springs act 0.55 ft. 
above O and O'. 

Point ai4. The vertical component of 
the left reaction is Vi = 11,109, the hori- 
zontal component H= 11,390, both act- 
ing at O. The couple whose moment is 
Hcj is right-handed since Hc^^Mi is posi- 
tive. Let the co-ordinates of any point 
a be (x, y) referred to 0, x horizontal, 
y vertical; then if m = sum of the mo- 
ments of the P's to the left of a about a, 
we have the general formula for the mo- 
ment Ma; about any point a: 

Also, since M^^H = ac for the point, 
this formula aids in fixing points of the 
equilibrium polygon. It applies equally 
where live loads are considered. For 
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point ai4, from the drawing we find x = 

8.35, 2/=6.72, and m= 1803X1.05 -h 

4932X4.08=22,015. Substituting these 

values and M^^ +6272, V^ = 11,110, H = 

11,390 in the fonnula above,* we find 

+484 
M^= +484; whence ai4Ci4=YY^ = +.04. 

Since M^; is positive, the resultant from 
the left, acting along the side of the equi- 
librium polygon pertaining to aj^, must 
act above a^^ to tend to turn clockwise. 
Thus Ci4 is 0.04 ft. above Oj^. 

Cr(ywn. The sum of the moments of 
P91 . • • ^ Pie about is found to be i'(Pp) 
=84,600. From the table 2^? = 11,109. 
Thus JCPp) -T- JP = 7 . 615, or the resultant 
of the P's to the left of the crown acts 
7.615 ft. to the right of 0. The reaction 
at the left springing actually acts at C a 
distance Ci=0.55 ft. above O. Suppose 
the horizontal thrust at the crown acts h 
ft. above C, then on supposing the left half 
of the arch free and held in equilibrium 
by H = 1 1 ,390 acting to the left at the 
crown, the forces P and the reaction at 
C, we have, on taking moments about C^ 

11,390/1 = 84,600; .*. /i = 7.40, 

or H acts 7. 40+. 55 = 7. 95 ft. above O, 
or 8-7.95=0.05 ft. below the center of 
the section at the crown. 
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The equilibrium polygon can now be 
drawn as usual. The thrust at the crown 
and the reaction at C should intersect at 
a point 7.615 horizontally from O. 

The dead-load moment at the crown is 

ll,390X(-.05)=-570 ft.-lbs. • 

Point Cg. From the equilibrium poly- 
gon just drawn, we find a^Cj^= —0.03 
ft.; hence the dead-load moment at Cg is 

ll,390X(-.03)=-342 ft.-lbs. 

The equilibrium polygon follows very 
closely the neutral line down to a^. The 
straight line from a^ to a^^ measures 25. 44 
ft., the rise above a/i^^ to the center of 
the crown section is 5.23, or about ^ the 
span. Hence we conclude that for seg- 
mental arches whose rise is ^ the span or 
less, and with spandrel filling as assumed, 
the circular arc corresponds practically 
with the curve of equilibrium. 

With regard to the thrusts normal to 
the sections, the most convenient way to 
find them is by aid of the equilibrium 
polygon as hitherto explained. 
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LIVE-LOAD MOMENTS AND THRUSTS. 
COMBINED RESULTS. 

68. The values of the live loads P^, etc., 
are given in the first column of the ad- 
joining table. On multiplying the values 
of H, V2, Mj, and M2, given in the general 
table for load unity, by these values of P, 
we deduce the corresponding quantities 
for the live loads. The column for V,, 
the vertical component of the left reac- 
tion, is made out by subtracting V2 from 
the corresoondins: P. 



en 



P, = 408 

P,o= 816 
P„= 880 

P,2= 928 
P,3 = 1032 
P,^ = 1256 
Pi5 = 1664 
P,,=3200 



• 
• 


• 


• 
• 


• 


>■ 


>^ 




w^ 

S 


210 


198 


44fi 


+ 9^0 


459 


357 


880 


+ lf01 


553 


327 


908 


+ 1154 


643 


285 


884 


+ 49f 


782 


250 


868 


- 303 


1035 


221 


862 


-1534 


1481 


183 


799 


-3378 


3078 


122 


582 


-7501 




1943 


6229 








+ 1049 
+ 2313 
+ 2688 
+ 2892 
+ 3072 
+ 3317 
+ 3266 
+ 2509 

+ 21106 



69. Point O. From the table, loads P13 
to P,Q inclusive alone give negative mo- 
ments at O. The total M^= - 12,716, and 
the total H for the same loads = 3111. 
The dead-load moment at 0=+6272, 
andH = ll,390, Art. 67. 
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Hence total dead and live load Mj = — 
f>4M; total dead and live load H = 
14,501. 

/. c,=Ml-^H= -0.444 ft. 

Also, dead and live load V^ = 11,109 + 
6376 = 17,485. 

70. Point 0\ Maximum positive mo- 
ments are caused by loads P5 to Pi^ in- 
clusive. The sum of the numbers in the 
last column gives the total M^ for loads 
Pg to Pig. Since total Mj f or loads Pg to 
Pg equals total M^ for loads P^ to Pjj, we 
add to the former sum the values of M^ 
for loads Pg to P^j inclusive. 

/. L. L. M2= +21,106 L. L. H= 6,229 

'' =+ 4,211 '' = 3,118 

D. L. M2 = + 6,272 D. L. H = 11 ,390 



M2= +31,589 H=20,737 

.-. C2=M2-^H= +1.524. 

These are the maximum values of M, H, 
and Cj for any point of the arch, as we 
shall see. 

The live load Vj for P^ to F,^ is 1943; 
for Pg to Pg it is 1865, the sum of values 
of Vi for Pg to P12. Add 11,109 for dead 
load V2 and we have the total vertical 
component of the right reaction =14,917 
lbs. 
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71- ^oint ai4. The moments about any 
point a are most accuratel}'^ found from 
the formula of Art. 67, Ma. = M, -fViX- 
Hy—m, on taking from the tables the 
values of M^, V^, and H corresponding to 
the loading, and computing m. 

Another method of procedure will, how- 
ever, be given for the remaining points. 
From Fig. 19 * it is seen that the sides of 
the equilibrium polygons corresponding 
to loads Pi3 to Pie pass above a^^ the 
amounts 0.44, 1.56, 2.31, and 2.10 re- 
spectively, and thus give positive mo- 
ments; all other loads give negative mo- 
ments. The corresponding moments are 
found by multiplying these values of ac 
by the corresponding values of H taken 
from the last table. Thus for 



Pi3>H= 868, 


ac-0.44; .'. M- 382 


P,„H= 862, 


ac-1.56; .-. M-1344 


Pi5,H= 799, 


oc -2. 31; .-. M-1845 


Pie,H= 582, 


ac- 2. 10; .'. M-1222 


L. L. H- 3111 


L. L. M = 4793 


D.L.H= 11390 


D. L. M= 484 



H= 14501 +5277 

.-. a„Ci,= +5277^14,501= +0.364. 



* The values of ac were scaled from a drawing on a 
scale of 2 ft. to the inch. 



J 
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The dead-load moment + 484 was 
foimd in Art. 67. See Art. 75 for load 
giving maximum fiber stresses. 

72, Crown. From Fig. 19 it is seen 
that live loads Pj to Pj, inclusive give a 
positive moment, the remaining loads a 
negative moment at the crown. We thus 
find positive M, as in the last case, for 
loads Pg to Pi2, and double. Similarly for 
H. Thus 

L. L. M= 2972 L. L. H= 6,236 
D. L. M= -242 D. L. H = 11,390 



M=H-2730 H = 17,626 

.-. ac= + 2730 H- 17,626= +0.155. 

For loads P^j to V^^ and P^ to P^, we 
find M=-2390, H = 17,612; ,\ ac^ - 
0.136. The centers of pressure are thus 
well within the core points for either load- 
ing. Both loadings are very exceptional. 

73. Point ttg. From the diagram, loads 
Pg to Pje give negative moments. By 
measurement the values of a^c^ for the 
successive loads Pg, P9, . . . , Vy^ are nega- 
tive and in order: 

.13, .29, .44, .61, .73, .82, .90, .93, and .96. 
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These are multiplied by the correspond- 
ing values of H and added. We find 

L. L. M = - 4563 L. L. H = 6,675 
D. L. M=- 342 n. L. H = ll,390 



-4905 18,065 

.-. 05^5= -4905-^18,065 =-0.27 ft. 

The centers of pressure at the crown and 
points ag and a,^ are well within the core 
points, so they will not be considered 
further. 

74. Stresses at Right Springing, — The 
stresses are greatest at the right spring- 
ing, since the moment and thrust both are 
greatest there. For loads P5 to Pj^ we 
liave found, for dead and live load com- 
bined, M2= +31,589, H=20,737, V^^ 
14,917, and 03= 1.52. This does not in- 
<;lude the weight of arch and filling to 
right of a^ (and mainly over the spring), 
which must be now combined with the 
resultant of Vj and H to find the true 
center of pressure on the section at O'. 
To do this, lay off on a vertical through 
O' upwards c^^ +1.52, say to C\ Fonn 
a triangle by laying off from C, Vj ver- 
tically downwards, then from the end of 
this line draw H horizontally to the 
right. The hypotenuse of this triangle 
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represents in magnitude and position the 
resultant of V, and H. Extend this line 
to intersection I with the vertical through 
the center of gravity of arch and filling 
to right of a„ whose weight is 6078 lbs. 
Extend the vertical at C upwards 6078 
to scale of V«, and from the point thus 
found draw a Ime to the end of the line rep- 
resenting H. This hypotenuse represents 
in magnitude the resultant on the spring. 
On drawing through I a line parallel to 
the last resultant to intersection with the 
(radial) section at 0', we find the center 
of pressure there. It is 1.05 ft. radially 
above 0'. 

The component T of the final resultant 
is found to be 29,000 lbs. ; hence the mo- 
ment at O' is 29,000X1.05 = 30,450 ft.- 
lbs., say 31,000. 

On substituting T = 29,000, M = 31,000, 
rfi = 5, d2 = 4:.6 in the formulas for stress, 
we derive the unit stresses in pounds per 
square inch in the upper fibers of the con- 
crete and steel, 86 and 1230 compression, 
and in the lower fibers, 8 and 65 tension 
respectively. The shear over this sec- 
tion is only 8 ll>s. per sq. in. The stresses 
are well within reasonable limits. The 
final resultant and stresses at the left 
springing are found in a similar manner. 
The resultant cuts the radial section at O; 
0.25 ft. below O, T = 27,600; .'. M- 



§ 75] 152 

€900 ft.-lbs., ^=-0.48, H= 14,500. The 
shear is barely 2 lbs. per sq. in.* 

75. Ldve Ijoad Causing Maximum 
Stresses at a Section. — In Fig. 19 con- 
•ceive the arch drawn, a^a^^ being its 
^xis, and consider the stresses on the 
upper and lower fibers of a cross-section 
at flj^. The resultant force acting on this 
section from any load, as P„, to the right 
of ai4 is given in position by the left side 
of the equilibrium polygon pertaining to 
P,^; the resultant for a load, as P,5, to 
the left of Oj^ is given in position by the 
right side of the eauilibrium polygon per- 
taining to Pij. Suppose the two core 
points, Art. 16, note, to be marked on the 
section. If the left side of the equilibrium 
polygon corresponding to P^j passes above 
the lower core point, as actually happens. 



* T^t us compare results with those obtained in Chap- 
ter II, where only 4 divisions of the semi-arch were used 
and the load covered 0.8 half-span. At O, <= —0.8, 
H= 15,000; .-. M« -12,000 ft.-lbs.; whereas for the 
case of this chapter of 8 divisions of the semi-arch, the 
load covering }=0.75 half-span, we find <=— 48, 
H- 14.500, M=6900. 

The values of H compare favorably, since H should 
be f*lishtly greater in the first case, where the live load 
is slightly greater. The values of t, though, are entirely 
too mr apart. In fact we could not expect accuracy in 
the case of 4 divisions only. It would seem that 10 
divisions of the semi-arch should be a minimum for 
spans up to 50 ft. 

The point a\ and its symmetrical point should not 
be too far from the springs, since the pressure line is 
the same whatever the curves between those points and 
the springn, provided the points and C are kept upon 
the same level, since then j/, z, and hh are unaltered. 
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there will be compression in the upper 
fiber. Hence, strictly, P^, must be added 
to the loads P^, P^^, Pjg, P,e (giving posi- 
tive moments, Art. 71), to ascertain the 
maximum compressive stress in the upper 
fiber at the section. If the resultant due 
to Pi2 passed below the lower core point, 
it would cause tension in the upper fibers. 
In that case P^j must be included with all 
loads to its right that plainly cause ten- 
sion in the upper fibers of the section at 

Similarly we reason for the upper core 
point. All resultants which pass below 
it cause compression in the lower fibers; 
all resultants which pass above it cause 
tension in the lower fibers. 

The loads causing maximum compres- 
sion or tension in anv fiber can thus be 
quickly ascertained. The diagram should 
be completed to include loads on the right 
of the crown in considering the crown 
and some other points. With a complete 
diagram, the curves touching the sides of 
the equilibrium polygons are called the 
"tangent curves. '' The intersection of 
two sides of an equilibrium polygon per- 
taining to the same load is a point on the 
* ' intersection locus. ' ' These curves, when 
drawn, enable one to find at once the re- 
actions due to a load placed anywhere on 
the arch. If lines are drawn through the 
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two core points of a section, touching the 
** tangent curves," their intersections with 
the ^' intersection locus " will indicate the 
limits of the continuous loading for maxi- 
mum stress at the edges, as explained 
above. 



TEMPERATURE AND AXIAL STRESSES. 

76. For Z =30, £ = .000006, ^°=±15<>F., 
the change of span = ^e^°= 0.0027 ft. 
Also, 

ly^-ely =43.67, Ei = 2,000,000 X 144. 

'~s 12 i 12X0.104' ^'^' ^^• 

... H= ^^'^^\ . ^i±^2_ 14,270 lbs. 
zy^—e2.y s 

The thrust is thus much larger than for 
the 90-ft. span arch. This is because the 
present arch is so much thicker in com- 
parison with its span. 

Resolving H perpendicular and parallel 
to the section at O' on a drawing, we find 
T = 8000, shear =11,900. The moment 
atO'= M= He = 14,270 X 6.73 = 96,037. 

Also, c?i = 5 , d, = 4.6. 
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The usual formulrv now gives for the 
stresses in pounds pef square inch in the 
concrete at the right spring, for a fall of 
15° F., 156 tension at extrados, 135 com- 
pression at intrados; for a rise of 15® F., 
156 compression at the extrados, 135 ten- 
sion at the intrados. 

Axial Stress, — The normal stress per 
square foot at O' is 5800, at the crown 
10,350, both corresponding to dead load 
and to hve loads P5 to Pj^ inclusive. As 
a rude average take 8000; hence the 
change of span due to the uniform com- 
pression is 

J 8000X30 __ 

E " 2,000,000 X 144 ~ •^^^'^• 

This is 0.31 X.0027; hence the stresses 
are 0.31 times those due to a fall of 15° F. 
/. at O', tension at extrados =.31X156 
= 50; compression at intrados = .31 X 135 
= 43. 

RESULTANT MAXIMUM STRESSES. 

77. The stresses in pounds per square 
inch previously found in the concrete for 
section at O', due to dead loads and liye 
loads P5 to Pie, forces T causing uniform 
compression and a change of temperature 
of ±15° F., are as follows: , . 
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78. ^ih^ OS to Design. — It is usiuJhr asBumea 
that the arch should be so designed, that for 
dead load the equilibrium polygon should eoin- 
cide neariy with the neutral curve down to the 
nprin^. The results above do not substantiate 
tnis view. In fact, for this arch the equilib- 
rium polygon for dead load passes about half 
a foot above O and CY. When the live loads 
giving maximimi stresses at O and CK are added, 
the resultant at O is nearer O, that at CK farther 
from (y, than if the dead-load polvgon passed 
through O and CV. But in the former case, 
when the axial stresses are included, the stresses 
are +36, +35 at the edges, or nearly the same. 

The axial and unknown shrinkage stresses 
both tend to correct the inequality of stresses 
+ 86, —8 at C, found for dead and live loads. 
Again, for the dead load alone, the arch would 
tend to spread outwards below Oj and a^^; but 
the earth filling can furnish a very large resist- 
ance — passive thrust — to this tendency, which 
is ignored in our computation. 

Wiien the earth is well compacted, it doubt- 
less exercises very little active thrust. We con- 
clude that, for arches of the proportions as- 
sumed in this example, the circular arc is a 
good one for the neutral line. 
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79. The final stresses above at the most 
stressed section are within reasonable 
limits, and we conclude that the arch has 
sufficient strength. In fact the depth at 
the crown could be diminished to advan- 
tage. 

The amount of steel required to take 
all the bending moment at O' =31, 000 + 
96,000 = 127,000 is found by equating this 
moment to 

144X36,000X^X4.6, 

as in Art. 54, and is A2= 0.0107 sq. ft., or 
less than that assumed. 

The reinforcement for thin highway 
arch bridges is sometimes as much as f 
of 1% of the crown section, and rarely 
more than 1%. 

POSITION OF THE LIVE LOAD CAUSING 
MAXIMUM MOMENTS AND STRESSES. 

80. Loading for Maximum Moments and 
Stresses. — In the following table, the load- 
ing for maximum stresses (see Art. 75) 
as well as for maximum moments, with 
reference to the points indicated, is 
given. A uriform live load is supposed 
to rest on the bridge. For the crown, 
this extends either side of the crown, half 



im 
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the distanee mdicatecL For the other 
pointB, the live load is supposed to extead 
from a point vertically ov&r O, to the 
right, the given distance, expressed in 
terms of OO'. 



Point. 


Length of Load 

for 
Max. Momenta. 


1 
Fiber. 


Length off LqmI 

for 

MajcStresB. 


O 

Crowri 
a, 

(y 


0.37-t 

0.37-t 
0.25«J 

0.52 = i+ 
0.63 = t 


lower 
upper 
upper 
lower 
upper 


0.41 
0.45 
0.39 
0.56 
0.68 



For highway bridges, where the depth 
at crown is very much less than for this 
railroad bridge, the loading for maximum 
stresses approaches more nearly that for 
maximum moments. The same is true 
for railroad bridges for spans greater than 
30 ft., to which these results apply, since 
the ratio of depth at crown to span de- 
creases somewhat as the span increases. 
If the method of single loads is not pre- 
scribed, then for maximum stresses, at 
least three positions of the live load should 
be tried; for O and Oj^, say 0.4 span; for 
ttj, 0.55 span, and for O', 0.65 span. The 
crown, except when the depth there is 
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small, need not be investigated. The 
parts of the span covered by the live 
load can be altered sUghtly, to suit the 
divisions of the arch, without affecting 
materially the maximum stresses. It 
might be well to compute the stresses 
for several points in the vicinity of a 5 
and ai4, which were arbitrarily assumed. 
If unequal wheel loads in place of a uni- 
form load is specified, the labor of com- 
putation is greatly increased.* 

POSITION OF LIVE LOAD GIVING MAXIMUM 

SHEAR. 

81. In Fig. 20 let 00' represent the 
neutral axis of the arch ring and X a 
cross-section at a drawn perpendicular to 
the axis at a. Also let II' represent the 
intersection locus. Art. 75, and the dotted 
curves t and <', the tangent locus. The 
shear from the left at a is the component 
of the resultant there, parallel to the sec- 
tion X, and will be regarded as positive 
when acting upwards along X, negative 
when acting downwards. 

Draw AB tangent to the curve t and 
perpendicular to section X, to intersec- 



* It U suggested in this connection that in "Specifi- 
cations" for railroad arch bridges, a uniform load be 
required; for if actual wheel loads are specified, it adds 
greatly to the labor in finding maximum stresses. 



§81] 



160 



tion B with II'. There is no shear along 
X caused by a load at B. For a load P' 
to right of B, the resultant at a is the 
left reaction, which makes a less angle 
with the horizontal than AB. The load 
P' thus causes negative shear along X. 
For a load P to the left of the vertical aC, 




Fig. 20. 

the resultant at a acts from D towards 
E and evidently causes a negative shear 
along X. Thus negative shear is caused 
by loads from I to C and from B to I'. 
Loads between C and B cause positive 
shear. 



CHAPTER VI. 

ARCHES WITH TWO AND THREE 
HINGES. BRACED ARCHES. 

82. In an arch hinged at the ends only^ 
suppose the neutral line to pass through 
the hinges A, B, Fig. 21, and that AB 
is horizontal. The reactions will pasa 
through the center of the hinges if we 
neglect any possible friction there. 

Since the span is invariable, the condi- 
tion to be fulfilled by the equilibrium 
polygon is given by eq. (10), Art. 17: 



where M, I, and y are taken at the mid- 
point of the corresponding s and the sum- 
mation covers the entire span. For a re- 
inforced arch, I=Ij+nl3. Two solutions 
will be given. In the first the neutral 
line of the arch ring is divided into eqiuil 
parts, each of length s, the vertical ordi- 
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nates y from AB to the center a of each 
"division are measured or computed, and 
the value of I, at each point a, ascertained. 
The loads and inclined reactions form a 
system in equilibrium. Replace the re- 
actions at A and B by their vertical and 
horizontal components Vj, H and Vj, H 




Fig. 21. 



respectively. On taking moments suc- 
cessively about A and B of reactions and 
all loads acting on the arch, we find V, 
and Vj exactly the same as for a simple 
beam. To compute H conceive an equi- 
librium polygon, due to the vertical loads 
and reaction components V^ and Vj, 
drawn through A and B, with an assumed 
horizontal thrust H'. The vertical ordi- 
nate to this polygon from AB through 
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any point a will be called y', whence we 
have the known relation 

Hy=m, 

where vi is the moment about a of V^ 
and the loads on the arch from A to a. 
The values of m for each point a hav* 
ing been computed, and H' assumed 
(=10,000, say), it is seen that the value 
of I/' for each point a can be found. 
It is not necessary to draw this trial 
equilibrium polygon. If this trial poly* 
gon were the true one, since then M = 
H'(i/'— t/), the preceding condition would 
reduce to 

Both members of the last equality can be 
estimated. 

If the equality does not obtain, alter 
all the ordinates of the type y' in the 
ratio 



(^>^(?). 



to locate ^he points of the true equilib* 
rium polygon, and alter the trial thrust 
H^ in the inverse ratio to ascertain the 
true horizontal thrust H. 
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The second solution referred to above 
requires the neutral axis to be divided 
as in Art. 19 (see also Arts. 20 and 63), 
thus leading to the simple condition 

IVLy^O or I{y'y)^I{y^), 

and the solution proceeds as before.* 

83. If the ordinate y' has been altered 
as above, say to 1/", then at any point a, 

M=H(i/"-r/). 

The Remarks of Art. 30, relative to the 
proper position of the loads for the solid 
arch, apply equally here. 

For the braced arch the loads are usu- 
ally transmitted through vertical posts 
to fixed points on the arch, and the cor- 
responding eouilibrium polygon must of 
necessitv be used. 

The reaction at A is the resultant of V., 
previously computed, and H, just found. 
At any point a the resultant can at once 
be found from the force diagram after 
laying off Vj and H as usual to fix the 
pole. 

84. When a single force is considered, 
the equilibrium polygon consists of two 
straight lines as in Fie. 3, Art. 5; only 
the lines must pass through A and B, 
since now there are no end moments 

* See a third solution in Art. 100. 
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there. These lines intersect on the ver- 
tical through the load. Call the ordinate 
of this intersection point i/q. If a load 
unity acts p feet to the right of A, the 
span being I feet, we have Y^=l{l—p)-^L 

Also, 2/o=(V,p)^H'=V,p, 

if H' is assumed equal to unity. Having 
computed V^ and then y^, lay off the lat- 
ter from AB upwards to fix the intersec- 
tion point, from which draw lines to A 
and B to form the trial equilibrium poly- 
gon. The ordinates from AB to these 
sides through the points o, measured to 
scale, are the values of y\ Such ordinates 
to the right of the crown will be desig- 
nated by 2/fi', those to the left by 2/l'. 
On account of symmetry the values of y 
need be given only for half the arch. For 
the case of the neutral line being divided 
into, say, 20 divisions, the work can be 
tabulated as follows: 



Points. 


y- 


2/^ 


y' 
T 


2^;+ y'L' 


K''y'i)y 


I 


etc. 
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Twice the sum of the quantities in the 
fourth column gives -^ ( y ) , and the sixth- 

column sums give ly- — 1 for the entire 

arch. 

The true ordinates t/" and the true H 
having been found as explained above 
for this load unity, the values of V^, H, 
and the moment H(2/"--2/) are P times 
as much for a load P. Having drawn 
the true equilibrium polygons for loads 
unity at the various points, the further 
treatment for the solid arch is similar to 
that given in the previous chapter. The 
position of the live load corresponding to 
maximum stresses for the solid arch, also 
for maximum shears, can be found as 
show^n in Arts. 75 and 81, noting that in 
the diagrams corresponding to Figs. 19 
and 2(;, the reactions must all pass 
through either A or B.* The modifica- 
tions for the braced arch will be indicated 
later. 



* The diagrams of moments and shears given in Prof. 
C. E. Greene's "Arches" (Wiley «fe Sons, New York) are 
interesting in this connection. They refer (1) to a par- 
abolic rib whose cross-section increases from the crown 
to the sprinfong in the ratio of the secant of the inclina- 
tion to tne horizontal, and (2) to a circiular rib of uniform, 
section. It is seen that in either case the maximum 
moment at the haunches corresponds to a load covering 
about 0.4 of the span, and for the crown the load ex- 
tends, say, 0.15 span either side of crown. 
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When the hinges are placed either at 
the upper or lower flange, the neutral 
line will bend sharply towards the ends 
to pass through the hinges A and B. 
The previous theory will practically apply 
in such cases. 



TEMPERATURE AND ALLIED STRESSES FOR 
ARCH HINGED AT ENDS. 

85. The pull or thrust due to tempera- 
ture, H, acts along AB, giving moments 
at points a of type H?/. Suppose the 
neutral line of the arch to be divided 
into parts each of equal length s. The 
mid-point of any division is marked a 
with a proper subscript, and y is the ordi- 
nate measured from AB. Then with the 
notation of Arts. 56, 57, we have 



s^^iy'Y 



If the span is increased a small amount 
hy due to a slight yielding of the abut- 
ments, the same formula applies, the re^ 
actions H at A and B now acting out- 
wards, as in the case of a fall of tempera- 
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ture. The rjesult is the same for the elas- 
tic shortening of the arch, due to the tan- 
gential forces T. For a given position of 
the load, these forces T can be measured 
on projecting the rays of the force dia- 
gram on the tangents to the neutral line 
at the points o. If the normal stress per 
square foot on a cross-section at any a 
due to T is / lbs., and if this is assumed 
to be the same throughout the length of 
a division s, the shortening of this divi- 
sion is ^s. If we call the horizontal pro- 

jection of s, 2, the change of span due to 
the shortening of all the di\dsions is 



h-l{iz), 



which replaces the value of h in the for- 
mula above. 

If / is taken as a rough average for the 
entire arch, we may write approximately 

;^=(/Z)-^E, 

where I is the span. Note here that E is 
the modulus in pounds per square foot 
when the linear unit used is the foot. 

When H has been computed either for 
a temperature change, yielding of abut- 
ments, or elastic shortening of the arch, 
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the moment at any point a whose ordi- 
nate is y is given by the formula 

M=Hi/. 

It is evidently greatest at the crown. 

86. Deflection at Crown. — Under a sym- 
metrical load the tangent to the neutral 
line at the crown is horizontal. If we re- 
gard the crown as fixed in position and 
the ends free, the vertical deflection of 
the ends will be eive^i bv the formula of 
Alii. 18, the summation extending from the 
crown to one end. This is plainly the de- 
flection of the crown when the ends are 
regarded as fixed. In the formula, M can 
represent the bending moment due to loads, 
temperature, etc., provided the forces act- 
ing are symmetrical with respect to the 
crown. The origin of co-ordinates must 
be taken at the left hinge, as in Fig. 8. 



ARCHES WITH THREE HINGES. 

87. In Fig. 22 is shown one of the best 
forms of arch for short spans; for in con- 
sequence of its being free to turn at three 
points. A, c, and B, the upper chord 
l3eing cut at d and the arch proper at c, 
there are no stresses due to change of 
span, temperature,, and elastic shortening 
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of the arch. Let us suppose that the two 
halves of the arch bear at c only. Sup- 
fKj«e the right half of the arch to be 
loaded at the apices with the weights 

1 , 2, 3, and 4, due to dead and Uve load; 
the left half with the weiglits 5, 6, 7, due 
to dead loarl only. With an assumed pole 
O, draw the equilibrium polygon shown 
by the dotted line passing above d. Now 
since there can be no bending moments at 
A, r, and B, the actual pressure ciu^e 
must pass through these points. There- 
fore draw a line from O parallel to A5, the 
closing line of the trial cur\'e, to inter- 
section with the load line 17, and from 
this point draw a horizontal of a length 
equal to the old pole distance multiplied 

by the ratio of the ordinates ltd and gc, 
corresponding to the two ciu^es at the 
center. This fixes the new pole (V, from 
whence the true curve passing through 
A, c, and B can be drawn.* 

The pressure curve passes near the 
curved member from A to c,,then keeps 
below the arc to B, for the loads assumed. 

I\)r a single weight, as that over anex 

2, the pressure curve consists of two 



* This simple construction hap been used by Professor 
Eddy (see "Researches in Graphical Statics") for pasa> 
inff a curve of pressures through three given points of a 
•tone arch, as well as for the case above. 
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straight lines; one drawn from B through 
c to intersection with the vertical through 
2, the other drawn from this last point to 
A. The stresses due to each weight may 



WVvrJv y -^ 
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be found from its pressure curve, and 
tabulated, from whence the maximum 
stresses that any member can ever be 
subjected to, from the most hurtful dis- 
tribution of the load, can be ascertained. 
This position of the load giving a max- 
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iiuum stress in any member can likewise 
be found independently and then the 
stress in the member computed, but the 
limits of this little treatise forbids enter- 
ing further into the subject.* 



METHOD OF FIXDIlirG THE STRESSES IIS" THE 
MEMBERS OF ANY BRACED ARCH. 

88. The above 'figure wrll answer, by 
way of illustration, for the method to be 
pursued in any arch. Thus, suppose for 
any arch shaped like Fig. 22 that we de- 
sire to know the stresses sustained by 
pieces C, D, and E. 

Conceive a section, as shown by the 
wavy line, cutting C, D, and E. Sup- 
pose, now, the arch to the right of the 
section removed, and its action upon the 
left part replaced by forces acting opposed 
to the resistances in pieces C, D, and E. 

The resultant of the reaction and loads 

^ W^ of the section is R=ray 0'67 acting 

along the side of the equilibrium polygon 

included between the verticals at 6 and 

7. Now, R acting to the right must be in 

* See on this point Merriman and Jacoby, *• Roofs and 
Bridges," Part IV; also Balet, '* xnalysis of Elastic 
Arches." Mr. Molitor's paper on " Three-binped Ma- 
sonry arches," in Trans. Am. Snc. C. E.. Vol. XL. p. 66 
also contains a complete discussion of the three-hinged 
concrete arch. 
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equilibrium with the forces applied to 
the cut pieces C, D, and E, which forces 
we may denote by the same letters as the 
pieces to which they correspond. 

Therefore the moment of R about any 
point must equal the sum of the moments 
of C, D, and E. Thus, take 6 as a center 
of moments; the moments of E and D 
are zero, hence the moment of C about 6 
equals the moment of R, from whence C 
can be found. 

Again, take apex DG as the center of 
moments; we have the moment of E 
equal to the moment of R about DG, 
from whence E follows. 

We see in this case that the pieces C 
and E are in tension and compression 
respectively, since the forces C and E 
must act from and towards the cut pieces 
respectively, to cause equilibrium with R. 

It may be observed that w^hen R is on 
the other side of the apex taken as the 
center of moments, that the stresses 
caused are of an opposite character. 

The stress in D can be found by taking 
moments about the intersection of the 
pieces C and E; otherwise it can be found 
by taking moments about 7. The mo- 
ment of R must equal the sum of the 
moments of C and D, etc. 

Similarly, if we suppose E, F, and G 
cut, and the part of the arch right of the 
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section removed, including the weight at 
<jD, on supplying forces E, F, and G 
opposed to the resistances in E, F, G, we 
have these forces in equilibrium with the 
resultant of the exteral forces to the left 
of the section, which is now simply the 
reaction at B (ray 07P). With 7 ^s a 
<ienter of moments, we find G, and with 
the apex at the le^t end of G as a center 
of moments, knowing E, we can find F; 
otherwise to find stress F, take the inter- 
section of E and G as a center of mo- 
ments. 

The well-known Maxwell graphical 
method may also be employed in this 
-case, as illustrated by Du Bois in his 
""* Graphical Statics." 

89. When the flanges of an arch are 
parallel, the stresses in the web members 
are now very easily found by decom- 
posing R, for the section taken, into com- 
ponents N and T normal and parallel to 
the arch at the section. The normal com- 
ponent multiplied by the secant of its 
inclination to the diagonal cut gives the 
stress in the latter. Thus in Fig. 23 
let R, acting through a, be the resultant 
of all the forces to the left of the section, 
which must therefore be in equilibrium 
with the forces C, D, C that are opposed 
to the resistances of the cut pieces. 

Since the sum of the normal compo- 
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nents is equal to zero, S = N. The stress 
D in the diagonal is found by multiplying 
N by the secant of the inclination of the 
diagonal to the normal. The stresses in 
the chords are found as before. 

It is seen from Fig. 23 that when N 
acts upwards, D is compression or ten- 
sion, according as the top of the diagonal 
leans to the right or left of the normal; 
the reverse when N acts downwards. 




BRACED ARCHES. 

90. The theory previously given in this 
book for hingeless arches or those with 
two hinges applies to the steel arch con- 
sisting of flanges connected with a solid 
or continuous web, provided the web is 
included in computing the term I. But 
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the theory is only approximately appli- 
cable to the braced arch with its open web, 
since of necessity the web cannot be con- 
sidered in finding the moment of inertia 
I, though it is well known to have an 
influence in causing flexure. 

If an approximate solution is admis- 
sible, then the work proceeds as usual in 
finding the curve of pressures, the flanges 
only being considered in computing the 
values of I at the points a* The neutral 
line or axis of the arch must pass through 
the centers of gravity of all the cross- 
sections of the arch, omitting, however, 
the web members. 

91. Position of Ldve Load giving Maxi- 
mum Stresses in the Members of a Braced 
Arch. — Let us suppose that the braced 
arch has been treated for single loads, 
and that a diagram similar to Fig. 19 
has been drawn if the arch is hingeless, 
or a corresponding diagram if the arch 



* The braced arch can be accurately treated either 
by the method of deflections or that of least work. 
Prof. Geo. F. Swain was the first to introduce to Ameri- 
can readers the solution by aid of the method of virtual 
velocities in the Journal of the Franklin Ineiitvie for 
February, March, and April, 1883. 

The writer, in Trans. Am. Soc. C. /?., April, 1891, 
gave an original demonstration of the method of least 
work and applied it to a number of structures, includ- 
ing the braced arch. . ,. , . xi. 

As a practical aid for computmg displacements, the 
Williot diagram has been frequently used of late. Its 
use saves a great deal of the laborious parts of oompii* 
tation. 
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has two hinges. The resultant acting at 
a section a is simply the left reaction 
acting along the left side of the equilib- 
rium polygon, when the single load P 
considered is to the right of o. When P 
is to the left of a, the resultant of all 
forces to the left of a acts along the 
right side of the equilibrium polygon and 
is equal and opposed to the right reac- 
tion. 

In either case the resultant of all forces 
to the left of a will simply be called the 
resultant at a. 

Now conceive a section cutting only 
three members, as in Figs. 22 and 23, 
and suppose the braced arch to the right 
of the section removed, and that forces 
equal and opposed to the resisting stresses 
in the members cut are supplied to cause 
equilibrium. Then, for a center of mo- 
ments, c, for either a chord or a web mem- 
ber, take the intersection of the other 
two members. It is plain that any load 
giving a resultant at the section passing 
above c will give a stress in the chord (or 
web member) of one character, but if 
the resultant passes below c, the stress 
will be of an oppositiB character. 

This sim])le rule will thus indicate the 
kind of loading required to cause maxi- 
mum stresses of either kind in a given 
member. 
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When, however, the chords are parallel 
at the section, they will not meet, and c 
for the web member does not exist. In 
this case the position of the loads for 
maximum shear is found as in Art. 81, 
and then the stress in the web mem- 
ber as in Art. 89. The previous rule ap- 
plies, however, directly to the chord 
members and also to web members cut 
by a section that severs non-parallel chord 
members. 

The braced arch, particularly the two-hinged 
arch, has a variety of shapes. Among these the 
graceful crescent form has been used both for 
roof tnisses and bridges. For this shape the 
neutral line can be determined with more cer- 
tainty than for more irregular shapes, especially 
for those where the outline is part straight and 
part curved. 

It matters not what is the character of the 
curve of the neutral axis, as soon as it is even 
(approximately) established, the methods given 
in this book suffice for the ready det/Crmination 
of the maximum stresses in any member of the 
given arch. 

The three-hinged arch has been used a great 
deal for very large roofs. The rise or fall at 
the crown due to temperature * is greater than 
for the two-hinged arch, but this is not of much 
importance in roof trusses; but the two-liinged 
roof truss is closed at the crown and, further, 
it can be braced against a lateral wind thrust 



*The rise or fall at the crown due to temperature 
changes, for braced arches, is most easily found by aid 
of the Williot diagram. 
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more readily than a three-hinged arch; be- 
sides it is stiffer than the latter. For a bridge 
it is thus superior to the three-hinged arch for 
long spans. The hingeless arch is again stifTer 
than the two-hinged arch. If the abutments 
are practically immovable, it is the best form 
to use, though the workmanship required is of 
a very high order to ensure the truss fitting the 
span properly. 



THREE-HINGED ARCH ROOF TRUSS, WIND 

LOAD INCLUDED. 

92. In addition to the dead and snow 
loads, a wind load will be considered in 
treating a three-hinged arch roof truss. 

If we suppose the wind to blow hori- 
zontally with a force P against a square 
foot of vertical plane, the experiments of 
Hutton go to show that the normal pres- 
sure on a square foot of roof surface in- 
clined at an angle i to the horizontal 
equals 

N = Psinii-84co8i-i 

More extended experiments are needed 
to verify this formula, but assuming it to 
be true, we have, taking P = 40 lbs. per 
sq. ft. as the greatest intensity of the 
wind in a horizontal direction likel}'^ to 
occur, the following values of N in pounds 
for different inclinations of the roof sur- 
face, taken from Greeners " Roof Trusses '' : 
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ISO 



• 


N. 


• 


N. 


■ 

I. 


N. 


5° 


5.2 


25° 


22.5 


45° 


36.1 


10 


9.6 


30 


26.5 


50 


38.1 


15 


14.0 


35 


30.1 


55 


39.6 


20 


18.3 


40 


33.4 


60 


40.0 



For steeper slopes N is 40 lbs. 

93. Let ACB, Fig. 24, represent the 
neutral line of a pointed roof truss, the 
arc AC being described with a center d, 
the arc BC with a center d\ In this fig- 
ure each half-arc is divided into 16 equal 
parts, and ordinates drawn through the 
center of each division. 

Assume the slope of roof i on each 
division to be that of a tangent to the 
center of each division, then the force of 
wind on the 15th division, inclined 80*^ 
to the horizon, is 40 lbs., and it acts in 

the direction of the radius 15r/. Hence 

lay off dm on the radius produced equal 
to 40 lbs. multiplied by area of division; 

if dn represents the w^eight of one divi- 
sion of roof, nm is the resultant oblioue 
force acting at the center of division 15, 
through which a line is draw^n parallel to 

nm* 



* The weiRht of each division, including purlins, 
sheetine, snow, etc.? does not generally act through the 
center of the division of the neutral line; hence it is 



^ - >».^ 
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94. Proceeding in this manner for each 
division, values of N being interpolated 
from the table when necessary, we next 
lay off on a force diagram on the left, 
beginning at e, the forces 1, 2, . . . , act- 
ing at the center of divisions 1, 2, . . . . 
in order and parallel to their directions, 
Similarly, on the vertical through e% lay 
off the equal weights on the divisions 
from C to B in order. 

(The forces are here laid off to a smaller 

scale than that to which nm was drawn, 
for convenience.) 

The lines e/ and e'/' represent, there- 
fore, the intensity and directions of the 
resultants of the forces just found from 
C to A and from C to B respectively. 

The positions of these resultants Pj and 
Pj are found as follows: The line eQe' 
was drawn in the first instance passing 
through the crown, at about the inclina- 
tion it was thought the pressure curve 
. would have there. Hence, assuming 
and 0', equally distant from e and e\ 
as poles, draw the pressure curves for 
the left and right halves of the arch re- 
spectively, starting at C with the assumed 
inclination of the thrust there. The 



inost accurate to combine N with the vertical load act- 
ing throufirh its center of gravity, so that the oblique line 
just drawn \\\\\ be moved slight ly to the left. The sub- 
sequent const luci ions are the same in either case. 
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curve on the right is drawn as usual 
and needs no explanation. It lies very 
near the neutral line at first and then 
passes above it. On prolonging the last 
side to intersection E' with Ce', we find 
the position of the resultant Pj ^^ ^^e 
forces on the right half of the arch. 

For the left side we extend C-e to 
intersection with force acting at 1, then 
draw a line | ray 12 to force at 2, then a 
line II ray 23 to force at 3, and so on. 
On prolonging the last side to E, we have 
EPi I! efy the position of the resultant 

Pi = e/ of the oblique forces acting on 
the left half of the arch. 

95. It is evident, so long as the 
loading remains the same, that the posi- 
tions and magnitudes of P, and Pj re- 
main the same for any pressure curve. 
It is now very easy to find the reaction 
at A in order that a pressure curve may 
pass through the three points A; C, and 
B. Thus call the vertical and horizontal 
components of the reaction at A, V and 
H respectively. If B is at the same level 
as A, on taking moments about B, we 
have 

V.AB=P,p,+P2P2, 

calling pi and pj ^^^ length of perpendic- 
ulars from B upon P^ and Pj respect- 
ively. 
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To find H take moments about the 
crown of the forces to the left of it. 
Thus calling the length of the perpen- 
diculars from C to Pj and AB, q and h 
respectively, we have 

AR 



from whence H is found. 

Laying off now fg = Y and j7D==H, we 
have D as the new pole on the left. On 
drawing e'D' parallel and equal to eD, 
we have D' for the position of the new 
pole for the forces acting on the right 
half of the arch. 

The direction of the pressure at C is 
the line FcF' parallel to ^D or €'D\ 

Starting at C we draw the pressure 
curve as before. It is shown bv the 
dotted line passing through A, C, and B. 

It is well to test the computed values 
of V and H before drawing the pressure 
curve, by drawing through A and B lines 
parallel to /D and fD\ If these lines 
intersect FF' at the same points F and 
F' with Pj and Pg, the poles D and D' 
have been correctly found. 

The above jyressure curve is the true one 
for the roof truss hinged at A, C, and B. 
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TWO-HINGED ARCH ROOF TRUSS, WIND 

LOAD INCLUDED. 

96. Regard Fig. 24 now as an arch 
hinged only at A and B. The vertical 
components of the reactions remain the 
same as for the three-hinged arch, as we 
see from the first formula of the preced- 
ing article, but H must be altered to 
satisfy the conditions of continuity at 
the crown. To take the most general 
case, suppose I to vary, but that s is 
constant as in the- figure. Let a be the 
mid-point of any division s and suppose 
I and y refer to this point and that M is 
the moment about a of all external forces 
left of this point; then the condition that 
the span should be invariable. Art. 17, 
reduces to 



.Y(M!f)=0 . . . . 



(1) 



the summation covering the entire arch. 
Suppose now for a trial polygon passing 
through A and B that M', the moment 
about a of all external forces left of a, 
has been computed for each point a and 
that the summation for the entire span 
gives 

y^=A .... (2) 
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Any moment will be regarded as positive 
when it corresponds to a right-handed 
couple, or when the resultant of the forces 
left of a, acting along the proper side of 
the equilibrium polygon, acts above a. 
Therefore if A is positive, it shows th^t 
the polygon is too high and that H', the 
horizontal thrust, must be increased. 
The reverse obtains when A is negative. 

If, now, two opposed horizontal thrusts 
H'' are added at A and B, the moment 
M" of H" at A about any a is 

Let H" be determined by the equation 

W'I^==r~=-A; . . (3) 

then when A is + , H" is — ; when A is 
— , H" is +. Therefore when A is +, 
M" is — , and H'' acts inwards; when 
A is — , M" is +, and H" acts outwards, 
to agree with the convention above as to 
the signs of a moment. 

Let M = M'+M"; 

then on adding (2) and (3), we derive (IX 
and the true thrust is 

H = H'-H", 
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since we have just seen that when H" is 
positive, it must act outwards; when 
oegative, inwards. 

We have then to compute A or the 
le-t member of (2), also liy^/l), and de- 
termine H" from (3); then the true mo- 
ment at any point a is 

since (1) is satisfied by such values of M 
as is shown above. 

97. Recurring to the pressure curve 
ACB, having the poles D and D* , we have 
the bending moment about any point on 
the neutral axis between 4 and 5, say, 
equal to ray D45, measured to the scale 
of force multiplied by the perpendicular 
distance from the point to the resultant 
acting along the side 45 of the pressure 
line. 

This moment is also equal to the hori- 
zontal component H' of ray D45, multi- 
plied by the vertical distance v from the 
point to the resultant. This is evident 
if w^e decompose the resultant at a point 
of its line of action vertically over the 
point taken in the neutra axis into ver- 
tical and horizontal components. The 
latter alone causes a moment about the 
point equal to H'v, as stated. 
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The loads in Fig. 24 were taken as acting at 
the points a or 1, 2, . . . , for simplicity. They 
should preferably be supposed to act between 
these points. 

As the oblique forces are inclined in- 
wards, it is seen that if we measure the 
vertical distances v from 1, 2, . . . to the 
pressure line as usual, that when the 
pressure line is above the neutral line, H' 
must be taken as the horizontal compo- 
nent of the resultant acting just to the 
right of the force acting at the point taken; 
otherwise, when the pressure line is below 
the neutral line, H' corresponds to the re- 
sultant acting just to the left of the force. 

Thus at 4 use the ray D34; at 13 the 
ray (D13, 14), in evaluating H', v being 
measured vertically from 4 and 13 to the 
pressure line. As usual v is 4- when 
above the neutral line, — below it, in 
finding 



{^)- 



The moments M to the left of C are of 
the type H'v, H' and v both being va- 
riable; to the right of C, M = H'2;, v alone 
being variable, H' representing the con- 
stant pole distance from D' to force line 
e'f. The ordinates y are, of course, meas- 
ureii from AB to the neutral line of the 
rib. 
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gS. As a numerical illustration, I was 
taken as constant for the arch shown, so 
that it drops out of (1) and the following 
equations. The *Hrial pressure curve" 
passed through A, B, and about 1/20 
inch above C, and to a certain scale it 
was found that 

i'M'2/=i'H%=-1000, 

the summation including the entire arch. 
Also, -17/2=1500; .-. by (3), 1500H'' = 
+ 1000. .-. W=+l Hence H" acts 
outwards at both A and B. Therefore to 
the scale of force, H'' was laid off from 
the left trial pole to the left, to fix the 
true pole there. The new position of the 
right pole is then found as before, and 
the true pressure curve drawn. It is 
shown by the full line in the figure pass- 
ing through A, B, and a point about 1/10 
inch above C. 

99. If the neutral line is divided into 
such lengths s^ Sj, . . . that s,/I is the 
same for each division, then I is dropped 
from equations (1), (2), (3) of Art. 96, 
and the solution is simplified as just 
illustrated. 

100. For vertical loads only, the equa- 
tions of Art. 96 equally apply and lead to 
the results of Art. 82. Thus, adopting 
the notation of the latter article, and 
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since H' is now constant, eq. (2) of Art. 
96 reduces to 

On substituting this value of A in (3), 
solving for H'', and substituting the value 
of H" in H = H'-H", we derive 

which is exactly the value of H, the true 
horizontal thrust, obtained otherwise in 
Art. 82. 
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Academy. New Edition. Revised by Commander 
Charles Belknap. 52 woodcut illustrations. 12mo, 
cloth ...... net. 3 50 

COIJE (B. S., M. A.). A Treatise on Photographic 
Optics. Being an account of the Principles of 
Optics, so far as they apply to Photography. 12mo, 
cloth, 106 illustrations and folding pmtes 2 50 

OOIJLINS (JAS. F.). The private Book of Useful 
Alloys, and Memoranda for Qoldsmiths, Jewelers, 
etc. 18mo, cloth 60 

OOBNWAIX (Prof. H. B.). Manual of Blow-pipe 
Analysis, Qualitative and Quantitative. With a 
Complete System of Determinative Mineralogy. 8vo, 
cloth. With many illustratioiis 2 50 

CBAIG (B. F.). Weights and Measures. An Account 
of the Decimal System, witii Tables of Conversion 
for Commercial and Scientific Uses. Square 82mo, 
limpcloth 5C 

CBOCKFB (F. B.). Electric Lighting. A Practical 
Exposition of the Art, for use of Engineers, Students, 
and others interested in the Installation or Operation 
of Electrical Plants. Sixth edition, revised. 8vo, 

cloth. Vol. I. The (Stenerating Plant 3 00 

Vol. n. Distributing Systems and Lamps. Fourth 
edition 3 00 
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OBOOKBB, (F. B.), and S. S. WHBEI^BB. The 

Practical Manasement of DjmamoB and Motors. 
Fourth editionKtwelfth thousand). Revised and 
enlarged. With a special chapter by H. A. Foster. 
ISmo.doth. Illustrated 1 Ot 

OUMMINO (LTSVMVS, M. A.). Electricity treated 
ExperimentallT. For the use of Schools and Students 
Newedition. 12mo,cloth IBB 

DATIES (S. H.)* Machinery for Metalliferous Mines. 
A Practical Treatise for Mining Enfl:ineers« Metallur- 
irists and Managers of Mines. With upwards of 400 
illustrations. Second edition, rewritten and en- 
larged. 8vo, cloth net 8 00 

DAT (CH ABI^BS). The Indicator and its Diagrams. 
With Chapters on Engine and Boiler Testing; 
Including a Table of Piston Constants compiled by 
) W. H. Fowler. 12mo, cloth. 125 illustrations. S 00 

DIEBB (W. li.). Block Signal Operation. A Practical 
Manual. Oblong, cloth 1 SO 

DIXON (D. B.^. The Ifachinist'sand Steam Engineer's 
Practical Calculator. A Compilation of Useful Rules 
and Problems arithmetically solved, together with 
General Information applicable to Shoj^Tools, Mill- 
Qearing, Pulleys and Shafts, Steam-Boilers and 
Engines. Embracing valuable Tables and Instruc- 
tion in Screw-cutting, Valve and Link Motion, etc. 
Ittmo, full morocco, pocket form 196 

DODD (GBC). Dictionary ot Manufaoturet, Mining, 
Machinery, and the Industrial Arts. ISmo, doth ... 160 

DOBB (B. F.). The Surveyor's Guide and Pocket 
Table Book. ISino, morocco flaps. Fifth edition, 
revised, with a second appendix S 00 

DBAPBB (C. H.). An Elementary T^vt Book of 
light. Heat and Sounds with Numerous Examples. 
Fourtn edition. 12mo. cloth. Illustrated 100 

Heal and the Principles of Thermo-Dyvamlrs. 
With many fllnstrations and numerical exampleii. 
13mo,c:oth 1 60 
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DUBOIS (A. J.V The New Method of Graphic 
StaUcs. "With 60 Ulustratloiis. 8yo, cloth 1 60 

BDDY (Prof. H. T.}. Researches in Graphical 
Statics. Embradng New Constructions in Graphi- 
cal Statics, a New General Method in Graphical 
Statics, and the Theory of Internal Stress in Graphi- 
cal Statics. 8TO,cloth 180 

Maximum Stresses under Concentrated Loads. 

Treated graphically. Illustrated. 8vo, cloth 180 

BISSLEIt (M.). The Metallurgy of Gold ; a Practical 
Treatise on the Metallurgical Treatment of Gold- 
Bearing Ores, including the Processes of Concentra* 
tion and Chlorination. and the Assaying, Melting 
and Refining of Gold. Fifth Edition, revised and 
greatly enlarged. 187 illustrations, li^mo.cloth.... 7 SO 

The MetaUurgy of Silver ; a Practical Treatise on 
the Amalgamation, Roasting and Lixivation of Silver 
Ores, including the Assa} ing, Melting and Refining 
of Silver Bullion. 1S4 illustrations. Second edition, 
enlarged, 12mo, cloth 4 01 

— The Metallurgy of Argentiferous Lead : a Practi- 
cal Treatise on the Smiting of Silver Lead Ores and 
the Refining of Lead Bullion. Including Reports 
on Various Smelting Establishments and Descrip- 
tions of Modem Smelting Furnaces and Plants in 
Europe and America, with 188 illustrations. 8vo, 
doth 500 

^anlde Process for the Extraction of Gold an^ 
its iractical Application on the Witwatersrand Gold 
Fields in South Africa. Third edition, revised and 
enlarged. 8vo, cloth. Illustrations and folding plates 8 00 

A Hand-book on Modem Explosives, being a 
Practical Treatise on the Manufacture and use of 
Dynamite, Gun Cotton, Nitro-Glycerine and other 
l2plosive Compounds, including the manufacture 
of Ck>llodion-Cotton, with chapters on explosives in 

f practical application. Second edition, enlarged with 
60 illustrations. 12mo, cloth c & 00 

BLIOT (O. W.)> and STOBBB (F. H.). A compen- 
dious Manual of Qualitative Chemical Analysis. 
Revised with the co-operation of the authors, by 
Prof. William R. Nichols. Illustrated, twentieth ' 
edition, newly revised by.Prof . W. B. Lindsay. 12mo, 
cloth net 1 28 
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Qrsfeems. Bebis a Report of « Tour of nnqmction 
madeinlSTS. M f ft iai i u fcii iida wo u de u ta. 9vo, 
doth 500 

■IXJSOK, (UBWIS M.>. VrmbOeal ApoUwtkm ot 
tbtb Indicator. Witli lef eic ii e to the aajastment of 
Valvo Gear oo all GEljleBof Bngines. Second editaon, 
nriaed. 8«Ou doth, 100 fllnstnUioiis 20| 



XTKKBTT (J. D.). Khmentaiy Text-book of 
Fhjsica. niastrated. Serentlieditian. 12iiio,clot^ ^ 

KWINO (ProC A. J.}. Tbe Masnetic Indnctkni in 
Iron and other metals. ISO flliissntkina. 8To,cloth400 

FANNTNO (J. T.). A Practical Treatiae on Hydrau- 
lic and Water-SnpplT Bngineerin^. Belatin^to the 
Hydrology, Hydro-^rnamics, and Practical Oon* 
stniction of water- works In North America. 180 
iUustrationflL 8vo, doth. Fifteenth edition, revis. 
ed, enlarged, and new tables and illostraticms 
added. 6S0 pages 5 0(1 

inSH (J. G. Im). Lettering of Woiiing I>rawings. 
Thirteen plates, with descriptiTe text. Oblong, 
0x12^ boards 100 

FISKE (Ueat. BRADUST A., V. S. N.). Electric- 
itr in Theory and Practices or. The Elements of 
Electrical Engineering. Eighth edition. 8to, cloth 2 50 

BXSHEB (H. K. C. and I>ABBT, TT. C). Students' 
Guide to Submarine Cable Testing. 8vo, cloth 2 50 

FISHEB CW. C). The Potentiometer and its Ad- 
juncts. 8vo,doth 2 25 

FliEISCEnilANN (TT.). The Book of the Dairy. A 
Manual of the Science and Practice of Dairy Work. 
Translated from the German, by C. M. Aikman and 
B. Patrick Wright. 8yo,cloth 4 00 

XXEIHINO (Prof. J. A.). The Alternate Current 
Transformer in Theory and Practice. Vol. 1— The 
Induction of Electric Currents ; 81 1 pages. New edi- 
tion. Illustrated. 8vo, cloth 5 00 

Vol. 2. The Utilization of Induced Currents. Illus- 
trated. 8vo, cloth 5 0^ 

-— ^ ^ Electric Lamps and Electric Lighting. Being a 
course of four lectures delivered at the Royal Insti- 
tuUon, April-May, 1804. 8vo, cloth, fully illustrated 3 GO 
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FliEMINO (Prof. J. A.). Electrical Laboratory 
Notes and Forms* Elementary and advanoed. 4to, 
cloth, illustrated 6 00 

FOI«£T (NELSON), and THOS. PBAY, Jr. The 

Mechanical Engineers' Reference Book for Machine 
and Boiler Construction, in 2 parts. Part 1— (General 
Engineering Data. Part 3— Boiler Oonstruction. 
With fifty-one plates and numerous illustrations, 
specially drawn for this work. Folio, half mor .... .26 00 

FOBNEY (MATTHIAS N.). Catechism of the Loco- 
motive. Second edition, revised and enlarged. 
Forty-sixth thousand. 8vo, cloth 8 60 

FOSTER (Gen. J. O., U. S. A.). Submarine Blasting 
in Boston Harbor, Massachusetts. Removal of 
Tower and Corwin Rocks. Illustrated with 7 plates 
4to. cloth 8 60 

FOSTER (H. A.). Electrical Engineers' Pocket Book. 
1000 pages with the collaboration of Eminent 
Specialists. Third edition, revised. Pocket size, 
fullleather 6 00 

FOSTER (JAMES). Treatise on the Evaporation 
on Saccharine, CSiemical and other Liquids by the 
Multiple System in Vacuum and Open Air. Second 
edition. Diagrams and large plates. 8vo, cloth 7 60 

FOWLER. Mechanical Engineers' Pocket Book for 

1905 . 100 

FOX (WM.), and €. W. THOMAS. M. E. A 

Practical Course in Mechanical Drawing, second 
edition, revised. 12mo, cloth, with plates 1 26 

FRANCIS (J AS. B., C. E.). Lowell Hydraulic 
Experiments. Being a selection from experiments 
on Hydraulic Motors, on the Flow of water over 
Weirs, in open Canals of uniform rectangular 
section, and through submerged Orifices and 
diverging Tubes. Made at Lowell, Mass. Fourth 
edition, revised and enlarged, with many new experi- 
ments, and illustrated with 23 copper-plate engrav- 
ings. 4to,cloth. 15 00 

FBOST (GEO. H.). Engineer's Field Book. By C. 
S. Cross. To which are added seven chapters on Rail- 
road Location and Construction. Fourth edition. 
12mo, cloth t 1 00 
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FUIXEB (GBOBOE W.). iieport on the Inyestiga- 
tions into the Purification of the Ohio River Water 
at Louisville, Kentucky^ made to the President and 
Directors of the Louisville Water Company. Pub 
lished under agreement with the Directors. 4to, 
cloth. 3 full page plates. net 10 00 

GBIPEIi (WM.% and KILOOUR, ^M. H.) A 

Pocketbook of l^ectrical Engineering Formula. Il- 
lustrated. 18mo«moroooo 3 00 

GIBRBBB (NICHOLAS). Chemical and Physical 
Analysis of Milk, Condensed Milk and Infant's Milk. 
Food. 8vo, cloth 125 

GESCHWIND (LUCLEN). Manufacture of Alum and 
Sulphates, and other Salts of Alumina and Iron; 
their uses and applications as mordants in dyeing 
and calico printing, and their other applications in 
the Arts, Manufactures, Sanitary Engineering, Agri- 
culture, and Horticulture. Translated from the 
French by Charles Salter. With tables, figures and 
diagrams. 8vo, cloth, illus net 6 00 

GIBBS (WILLIAM E.). lightingby Acetylene, (Gen- 
erators, Burners and Electric Furnaces. With 66 
illustrations. Second edition revised. 12mo, cloth. . 1 60 

GILLMOBE (GEN. Q. A.). Treatise on Limes, Hy- 
raulic Cements, and Mortars. Papers on Practical 
N Engineering, United States Engineer Department, 
No 9, containing Reports of numerous Experiments 
conducted in New York Cityduring the years of 1858 
to 1861, inclusive. With numerous illustrations. 8vo 
cloth 400 

Practical Treatise on the Construction of Roads. 

Streets, and Pavements, with 70 illustrations. 12mo, 
cloth 2 00 

Report on Strength of Building Stones in the 

United States, etc. 8vo, illustrated cloth 1 00 

GOLDINO (HENRT A.). The Theta-Phi Diagram. 
Practically applied to Steam, Qas, Oil and Air En- 
gines. 12nM>, cloth. Illustrated net 1 26 

GOODEYE (T. M.). A Text-Book on the Steam En- 
gine. With a Supplement on 0«U9-Engines. Twelfth ^ 
^ Edition, enlarged. 148 illustrations. 12mo, cloth. . . 2 00 

GOBE (G., F. B. S.). The Art of Electrolytic Separa- 
tion of Metals, etc. (Theoretical and Practical.) 
Illustrated. 8vo, cloth 3 50 
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OOUI«]> (E. SHERMAN). The Arithmetic of the 
Steam Engine. Svo, cloth. « 100 

OBIFFITHS (A. D., Ph. D.). A Treatise on Manures, 
or the Philosophy of Manurini?. A Practical Hand- 
Book for the Agriculturist, lianufacturer and 
Student. 12mo, cloth 3 00 

OBOYEB (FBEDEBICK). Practical Treatise on 
Modem Qas and Oil Engines. 8vo, cloth. Illustrated 2 00 

GUBDEN (BICHABD I.I.OYD). Traverse Tables: 
computed to 4 places Decimals for every ^ of angle 
up to 100 of Distance. For the use of Surveyors and 
Engineers. New Edition. Folio, half morocco. ..7 50 

OUT ABTHIJB (F.). Electric Light and Power, 

giving the Result of Practical Experience in Central 
ration Work. 8vo, cloth. Illustrated 2 60 

HAEDEB (HEBMAN C. E.). A Handbook on the 
Steam Engine. With especial reference to small 
and medium sized engines. English edition re-edited 
by the author from the second Qerman edition, and 
translated with considerable additions and altera- 
nt tions by H. H. P. Powels. 12mo, cloth. Nearly 1100 
illustrations 3 00 

HAIil* (WM. S. Prof.). Elements of the Differential 
and Integral Calculus. Second edition. 8vo, cloth. 
Illustrated net 2 25 

HALSET ("F, A.). Slide Valve Gears; an Explanation of 
the action and Construction of Plain &nd Cut-off 
Slide Valves. Illustrated. 12mo, cloth. Sixth 
edition 160 

The Use of the Slide Rule. Dlustrated with 

diagrams and folding plates. 16mo, boards 50 

HAMFLTON (W. G.). Useful Information for Rail- 
way Men. Tenth Edition, revised and enlarged. 
562 pages, i)ocket form. Morocco, gilt 2 00 

HANCOCK (HEBBEBT)* Text Rook of Mechan- 
ics and Hydrostatics, with over 600 diagrams. 8vo, 
cloth 175 

HABBISON (W. B.). The Mechanics' Tool Book. 
With Practical Rules and Suggestions for use of 
Machinists, Iron-Workers, and others. Illustrated 
with 44 eo graving. 12mo. cloth }50 
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KASKINS (C. H.)« The GalTanometer and its Uses. 
A Manual for Electricians and Students. Fourtli 
edition. 12mo. cloth 160 

HAWKE (WTTXTATIff H.). The Premier Cipher 
Telegraphic Code Containing 100,000 Words and 
Fhnues. The most comfdete and most useful general 
code yet published. 4to, doth. 500 

100,000 Words; Supplement to the Premier Code. 



All the words are select -^d from the official yocabu- 
lary. Oblong quarto, cloth 420 

HAWKINS (C. C.) and WAIXI8 (F.). Th*" Dynamo; 
its Theory, Design and Manufacture. 100 ulustra- 
tions, 12mo, clow 800 

HAT (AXFBED). Prlndples of Alternate-Current 
Working. 12mo, cloth, illustrated 2 00 

HEAP (MiOo' !>• P*» 1^- S. A.). Electrical Appliances 
of the Present Day. Report of the Paris Electrical 
Exposition of 1881. 250 illustrations. 8vo, doth. .... 2 00 

HKATISIDE (OlilTEB). Electromagnetic Theory. 
8vo, c otb, two volumes each 5 00 

HENBICI (OliAUS). Skeleton Structures, Applied 
to the BuUding of Steel and Iron Bridges. Illustrated 1 50 

HBBBIHANN (OVSTAT). The Graphical Statics of ^ 
Mechanism. A Guide for the Use of Machinists, 
Architects, and Engineers: and also a Tezubook for 
Technical Schools. Translated and annotated _^ A. 
P. Smith, M. E. 12mo, doth, 7 folding plates. Third 
Edition 200 

HERMANN (FEUX). Painting on Glass and Poroe- 
laia and Enamel Painting. On the Basis of Personal 
Practical Experience cf the Condition of the Art up 
to date Translated by Charles Salter. Second 
greatly enlarged edition. 8vo, doth, Illustrations, 
net 860 

HEWSON (WM .). Principles and Practice of Em- 
banking Lands from River Floods, as applied to the 
Levees of the Mississippi. 8vo, cloth 200 

HIIX (JOHN W.). The Purification of Public Water 
Supplies. Illustrated with valuable Tables, Dia- 
grams and Cuts. 8vo, cloth, 804 pages 8 00 



The Interpretation of Water Analyses. . (In Press) 
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HOBB9 (W, B. P.}. The Arithmetic of Electrical 
Measurements with numerous examples. Fullj 
Worked, 12mo, cloth JSf^ 

HOFF (WBI. B.» Com. U. S. NaTj.). The Ayoidance 
of Collisions at Sea. 18mo, morocco Tfk 

HOI^IiBT (Al4S:XANI>EB I«.). BaUway Practice. 
American and European Railway practice in the 
Economical Generation of Steam. 77 lithographed 
plates. Folio, cloth 12 00 

HOUHES (A. BBOMIiET). The Electric Light Pop- 
ularly Explained. Fifth Edition. Illustrated. 12mo, 
paper 60 

HOPKINS (NISTHi M.). Model Engines and small 
Boats. New Methods of Engine and Boiler Making 
with a chapter on Elementary Ship Design and 
Construction. 12mo, cloth 1 25 

HOSPITAIilEB (E.)* Polyphased Alternating Cur- 
rents. Illustrated. 8vo, cloth 140 

HOWARD (C. BO* Earthwork Mensuration on the 
Basis of the Frismoidal Formulae. Containing 
Simple and Labor-saving Methods of obtaining Fris- 
moidal Contents directly from End Areas. Illustra- 
ted by Examples and accompained by Plain Rules 
for Practical Uses. Illustrated. 8vo, cloth 159 

HUMBBB (WIIXI AM, C. E.)* A Handy Book for 
the Calculation of Strains in Girders and Similar 
Structures, and their Strength : Consisting of 
Formulae and Corresponding Diagrams, with 
numerous details for practical appucation, etc. 
Fourth Edition. 12mo, cloth 2 60 

HUBST (G£OB6E HO* Colour; A Hand-book of the 
Theory of Colour. Containing ten coloured plates 
and 72 diagrams. 8vo, cloth. Illustrated. Price — 2 50 

— — ~ Lubricating Oils, Fats and Greases. Their Origin, 
Preparation, Properties, Uses and Analysis. 818 
pages, with 65 illustrations. 8vo, cloth 8 00 

Soaps; A Practical Manual of the Manufacture of 
Domestic, Toilet and other Soaps. Illustrated with 
60 Engravings. 8vo, cloth 5 00 
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HUTCHINSON (W. B.). Patents and How to Make 
Mo ey out of Them. Member of New York Bar. 
12mo, cloth. New York, 1899 125 

HUTTON (W. S.}. Steam Boiler Construction. A 
Practical Hand-book for Engineers, Boiler Makers 
and Steam Users. Containing a large collection 
of rules and data relating to recent practice in the 
design, construction, and working of all kinds of 
stationary, locomotive and marine steam boUers. 
With upwards of 500 illustrations. Third edition. 
Carefully revised and much enlarged. 8vo, cloth. . . 6 GO 

— Practica Engineer's Hand-book. Comprising a 
treatise on Modem Engines and ^Oers, Marine, 
Locomotive and Stations^. Fourth edition. Care- 
fully revised with additions. With upwards of 570 
illustrations. 8vo, cloth 7 00 

The Works' Manager's Hand-book of Modem 
Rules, Tables, and Data for Civil and Mechanical 
En^neers. Millwrights and Boiler Makers, etc. , etc. 
With upwards of 160 illustrations. Fifth edition. 
Carefully revised, with additions. 8vo, cloth 6 00 

INN£S (CHARIiSS H.)* Problems in Machine Design. 
For the Use of Students, Draughtsmen and others. 
12mo, cloth 1 50 

— Centrifugal Pumps, Turbines and Water Motors. 
Including the Theory and Practice of Hydraulics. 
12mo, cloth. net 2 00 

ISHERWOOD (B. F.). Engineering Precedents for 
Steam Machinery. Arranged in the most practical 
and useful manner for Engineers. With illustra- 
tions. 2 vols, in 1. 8vo, cloUi 2 50 

JAMESON (CHARI.es D.). Portland Cement. Its 
Manufacture and Use. 8vo, cloth 1 50 

JAMIESON (ANDRETT C. E.). A Text-Book on 
Steam and Steam Engines. Specially arranged for 
the use of Science and Art, City and Guilds of London 
Institute, and other Engineering Students. Tentili 
edition. Illustrated. 12mo, cloth 8 00 

Elementary Manual on Steam and the Steam 
Engine. Specially arranged for the use of First- 
Year Science and Art, City and Quilds of London 
Institute, and other Elementary Engineering 
Students. Third edition. 12mo, cloth i 50 



-^--^ 



SCIENTIFIC PUBLICATIONS. ^ I9 

JAHNETTAZ (EDWARD). A Guide to the Deter- 
mination of Bocks : being an Introduction to 
Lithology. Translated from the French by G. W. 
Pl3rmpton, Professor of Physical Science at Brook- 
lyn Polytechnic Institute. 12mo, cloth 1 50 

JOHNSTON, Prof. J. F. W., and CAMBBON, Sir 

CHAS. Elements of Agricultural Chemistry and 
Geology. Seventeenth edition. 12mo, cloth 2 60 

JOTNSON (F. H.). The Metals used in Construction. 
Iron, Steel, Bessemer Metal, etc. Illustrated. ISmo, 
cloth 75 

Designing and Construction of Machine Gearing. 

Illustrated. 8vo, cloth 2 00 

KANSAS CITY BRIDGE (THRO With an Account 
of the Regimen of the Missouri River and a Descrip- 
tion of the Methods used for Founding in that River. 
6y O. Chanute, Chief Engineer, and George Morri- 
son, Assistant Engineer. Illustrated with 5 litho- 
graphic views and 12 plates of plans. 4to, cloth 6 00 

KAPP (6ISBRBT C. R.). Electric Transmission 
of Energy and its Transformation, Subdivision, and 
Distribution. A Practical Hand-book. Fourth 
edition, revised. 12mo, cloth 8 50 

Dynamos, Alternators and Transformers. 188 

Illustrations. 12mo, cloth 4 00 

KRMPR (H. B.). The Electrical Engineer's Pocket- 
Book of Modern Rules, Formulae, Tables and Data. 
Illustrated. 82mo, mor. gilt 1 75 

KRNNRLIiY (A. R.). Theoretical Elements of Elec- 
tro-Dynamic Machinery. 8vo, cloth 1 50 

KII<OOUR, M. H., SWAN, H., and BIGGS, C. H. 

W. Electrical Distribution; its Tlieory and Practice. 
174 Dlustrations. 12mo, cloth 4 00 

KING (W. H.). Lessons and Practical Notes on 
Steam. The Steam Engine, Propellers, etc., for 
Young Marine Engineers, Students, and others.^ 
Revised bv Chief Engineer J. W. King, United States 
Navy. Nineteenth edition, enlarged. 8vo, cloth .... 2 00 

KINGDON (J. A.). Applied Magnetism. An intro- 
duction to the Design or Electromagnetic Apparatus. 
8vo, cloth 800 
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KIBKAIJ>Y ( WM. 6.}. niustratioiifs of David Kirk- 
aldr^s System of Mechanical Testing, as Originated 
and Carried On by him during a Quarter of a OBntury. 
Comprising a Large Selection of Tabulated Besults, 
showing the Siren id^h and other Properties of Mate- 
rials used in Construction, with explanatory Text 
and Historical Sketch. Numerous engravings and 
25 lithographed plates. 4to, cloth. 20 00 

KIBKWOOD (J AS. P.)* Report on the Filtration of 
Biver Waters for the supplv of Cities, as practised in 
Europe, made to the Board of Water Commissioners 
of the City of St. Louis. Illustrated by 30 double- 
plate engravings. 4to,cloth 7 60 

KNIGHT (AUSTIN M., Lieutenant-Commander, 
U. S. N.). Modern Seamanship. Illustrated with 136 
full-page plates and diagrams. 8vo, cloth. Second 

edition, revised net 6 00 

Half morocco 7 60 

liABRABEE (C. S.). Cipher and Secret Letter and 
Telegraphic Code, with Hog*s Improvements. The 
most perfect Secret Code ever invented or discov- 
ered. Impossible to read without the key. 18mo, 
cloth 60 

liEASK (A. BITCHIB). Breakdowns at Sea and 
How to Repair Them. With eighty-nine Illustra- 
tions. 8vo,cloth. Second edition 2 00 

Triple and Quadruple Expansion Engines and 

Boilers and their Management. With flfty-nine 
illustrations. Third edition, revised. 12mo, cloth. . 2 00 

— Refrigerating Machinery : Its Principles and 
Management, with sixty-four illustrations. 12rao, 
cloth 2 00 

UECKY (S. T. S.). " Wrinkles " in Practical Naviga- 
tion. With 130 illustrations. 8vo, cloth. Ninth 
edition, revised net 8 00 

I«ETY (C. li.). Electric Light Primer. A Simple and 
Comprehensive Digest of all of the most important 
facts connected with the running of the dynamo, and 
electric lights, with precautions for safety. For the 
use of persons whose duty it is to look after the 
plant. 8vo,paper 60 
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UTACHE (ACH., Incenienr Civil Des Mines). 
The Manufacture of varnishes, Oil Crushing, Refin- 
ing: And Boiling and Kindred Industries. Translated 
from the French and greatly extended, by John 
Geddes Mcintosh. 8vo, doth. Illustrated net 5 Ofr 

IX>CKi: (AliFBED O., and CHABUBS O.) A Prac- 
tical Treatise on the Manufacture of Sulphuric Acid. 
With 77 Oonstructiye Plates drawn to 8cale Meas- 
urements, and other Illustrations. BoyalSro, cloth.lO OOl 

liOOKBBT (IX>UIS). Petroleum Motor-Cars. 12mo, 
cloth 15a 

liOCKWOOD (THOS. !>.)• Electricity, Magnetism, 
and Electro-Telegraphy. A Practical Otdde for 
Students, Operators, and Inspectors. 8vo, cloth. 
Thirdedltion 2 Sft 

■ ■ Electrical Measurement and the Galvanometer ; 
its Construction and Uses. Second edition. 82 illus- 
trations. 12mo, cloth 1 60> 

lADOX: (OUTEB J.)* Elementary Mechanics, 
including Hydrostatics and Pneumatics. BeviBed 
edition. 12mo.cloth 1 6(^ 

liOBING (A. E.). A Hand book of the Electro-Mag* 
netic Telegraph. Fourth edition, revised 

liUCE (Com. S. B.). Text-Book of Seamanship. The 
Equippixig and Handling of Vessels under Sail or 
Steam. For the use of theU. S. Naval Academy. 
Revised and enlarged edition, by Lt. Wm. S. Benson. 
8vo,cloth. lOOa 

ItUNGB (GEO.). A Theoretical and Practical Treatise 
on the Manufacture of Sulphuric Acid and Alkali 
with the Collateral Branches. Vol. I. Sulphuric 
Acid, Second edition, revised and enlarged. 842 

illustrations. Svo, cloth 15 00 

Vol. II. Second edition, revised and enlarged. 

Svo, cloth 16 9^ 

Vol HL 8vo,cloth. New edition, 1896 16 OO 

liUNGE. (GEO.), and HUBTEB, F. The Alkali 
Maker*s Pocket-Book. Tables and Analytical Meth- 
ods for Manufacturers of Sulphuric Acid, Nitric 
Acid, Soda, Potash and Anmionia. Second edition. 
12mo,cloth 3jti. 
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LIQUKR (LMJL XcYLTAIXC PK !>.>. MiiieralB 
iu Rock Sections. Hie Prmctkad Method of Identi- 
trimt Hteerftls te Ro^ SectxHis wltii the mlcro- 
acope, Ssq:iMaidlT«aTMigedforStiid(Biit6inTBcli]iJioal 
and Scientmc Schools. 8nk ctot^ llli]stnUiod..ii0t 1 GD 

M ACKROW (CIJEMC»rT>. The Kaval Aixshitect's 
and Ship-Builder^ Pocket>Book of FonDulae, Boles 
and Tahl^'ji; and lininneers^ and SnrreyorB* Handy- 
Book of Retferenoe. Eif^hth edition, revised and en- 
larjred. 3 6mo, limp leather. Illustrated 5 OC 

MAGriRB (Capt. EDWARD. F. S. A.). The 
Attack and Defence of Coast Fortifloations. With 
Sb^MS and Nomerous lUustratioos. 8vo,cloth 2 50 

MAGriR£ {ymt, R.>. Domestic Sanitary DrainMe 
and Plumhincr Lectures on Practical Sanitation. SS2 
illustratMms. 8vo 4 00 

MARKS (KDWARD C. R-V Xedianloal Enginening ^ 
Materials: their Properties and Treatment in Om- 
struction. 12mo,cloth. lUustratod. 00 

Notes CMQ the Oonstmction of Cranes and lifting 

Machinery. ISmo, cloth 150 

MARKS (O. C.). Hydraulic Power Engineering: a 
Practical Manual on the Concentration and Trans- 
niissKui of Power by Hydraulic Madliinery. With 
ovt>r 200 diagrams, figures, and tables. 8fo, cloth. 
Illustrated 3 50 

MATRR (WM.)* American Telegraphy: Systems, 
Apparatus, Operatl<m. 450 illustrations. 8to, cloth. 8 50 

MATRR (ProflL A. M.). Lecture Notes on Physics. 
8fo, cloth 2 00 

UcCITLLOCH (Prof. R. S.)» Elementary Treatise 
on the Mechanical Theory of Heat, and its applica- 
tion to Air and Steam Engines. STOfdoth 8 60 

McN£ILL (BEDFORD). McNeilPs Code. Arran^ 
to meet the requirements of Mining, Metallurgical 
and Civil Engineers, Directors of Mining, Smelt- 
" Ing and other Companies, Bankers, Stock and Share 
Brokers, Solicitors, Accountants, Financiers, and 
General Merchants. Safety and Secrecy • 8 vo, cloth. 6 00 
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MoPHEBSOX (J. A., A. M. Inst. C. E.). Water- 
works Distribution: a practical guide to the laying 
out of systems of distributing mains for the supply 
of water to cities and towns. With tables, folding 
plates and numerous full-page diagrams. 8vo, 
cloth. Illustrated • S 00 

MfiTAIi TURNING. By a Foreman Pattern Maker. 
Illustrated with 81 engraviDgs. 12mo, cloth 1 00 

MINIFIS: (WM.). Mechanicid Drawing. A Text- 
bo k f Geometrical Draw ng for the use of Mechanics 
and Schools, in which > he Definitions and Rules of 
Qeomctry ^re familiarly explained; the Practical 
Problems are arranged from the most simple to the 
more complex, and in their description technicalities 
are avoided as mu( h as possible. With illustrations 
for Draw ng Plans. Sections, and Elevations of Rail- 
ways and Machinery; an Introduction to Isometrical 
Drawing, ai. dan Essay on Linear Perspective and 
Shadows Illustrated with over 200 diagrams 
engraved on steel. Ninth thousand. With aa appen- 
dix on the Theory and Application of Colors. 8vo, 
clotn 4 00 

Qeom^trical Drawing. Abridged from the Octavo 

edition, for the us^ of schools. lUus' rated with 48 
steel plates. Ninth edition. 12mo, cloth 2 00 

MODBBN MBTBOBOI.OGY. A Series of Six 
Lectu es, dt^livered under the ausoices of the Meteor- 
ological Society in 1870. Illustrated. 12mo, cloth . 1 50 

MOBBING (C. A.)» and NEAIi (THOMAS). Tele- 
graphic Mining Co >e Alphabetically arranged. 
Second edition. 8vo,cloth 8 40 

MOBBIS (£.). Easy Rules for the Measurement of 
Earthworks by means of the Prismoidal Formula. 
8vo, cloth. Illustrated 150 

MOSES (AliFBED J.), and PABSONS, C. T.. Ele- 
ments of Mineralogy, Crystallography and Blowpipe 
Analysis from a practical standpoint. Fourth 
thousand. 8vo, cloth. 366 illustrations net 2 50 

MOSES (AliFBED J.). The Characters of Crystals. 
An Introduction to Physical OrystaUography, coi- 
taining 321 Illustrations and Diagrams. 8vo, 211 
pp net 2 00 
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MOORB (E. C. S.)* New Tables for the Complete 
Solution of Oang^illet and Kutter's Formula for the 
flow of liquids in open channels, pipes, sewers and 
conduits. In two parts. Part I, arrangred for 1,060 
inclinations from 1 over 1 to 1 over 21,120 for fifteen 
different values of (n). Part II, for use with all other 
values of (n). With large folding diagram. 8vo, 
cloth. Illustrated net S 00 

MUIXIN (JOSEPH P., M. E.). Modern Moulding 
and Pattern-Making. A Practical Treatise upon 
Pattern Shop and Foundry Work; embracing the 
Moulding or^EHilleys, Spur Gears, Worm Gears, Bal- 
ance-Wheels. Stationary Engine and Locomotive 
Cylinders, Globe Valves, Tool Work, Mining Machin- 
ery, Screw Propellers, Pattern-Shop Machinery, and 
the latest improvements in English and American 
Cupolas; together with a large collection of original 
and carefully selected Rules and Tables for every- 
day use in the Drawing Office, Pattern-Shop and 
Foundry. 12mo, cloth. Illustrated 2 50 

MUNBO (JOHN C. £.)> and JAMIESON 

ANDREW. O. E. A Pocket-book of Electrical 

Rules and Tables for the use of Electricians and 

|. Engineers. Thirteenth edition, revised and enliurged. 

With numerous diagrams. Pocket size. Leather.. 3 50 

MUBPHT (J. O., M. E.). Practical Mining. A 
Field Manual for MiningEngineers. With Hints for 
Investors in Mining Properties. 16mo, morocco 
tucks 100 

NAQUET (A.). Legal Chemistry. A Guide to the 
Detection of Poisons, Falsification of Writings. 
Adulteration of Alimentary and Pharmaceutical 
Substances, Analysis of Ashes, and examination of 
Hair, Coins, Arms, and Stains, as applied to Chemi- 
cal Jurisprudence. Translated from the French, 
by J. P. Battershall, Ph. D., with a preface by C. F. 
(Jhandler, Ph. D., M. D., LL. D. 12mo, cloth 2 00 

NASMITH (JOSEPH). The Student's Cotton Spin- 
ning. Third edition, revised and enlarged. 6vo, 
clo&. 622 pages. 260 Illustrations 3 00 

KEWAXL (JOHN W.). Plain Practical Directions 
for Drawing, Siadng and Cutting Bevel-Gears, show- 
ing how the Teeth may be cut in a Plain Milling 
Machine or Gear Cutter so as to give them a correct 
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■hape from end to end; and showing how to get out 
all particulars for the Workshop without miUEiiie 
any Drawings. Including a Full Set of Tables <^ 
Reference. Folding plates. Svo, cloth 1 60 

NEUBURGER (HBNRT) and HENBI NOAI.- 
HAT. Technology of Petroleum. The Oil Fields 
of the World; their History, (geography and Qeology. 
With 153 illustrations and 25 plates. Translated 
from the French by John Qeddes Mcintosh. 8vo, 
cloth net 10 00 

JiKIVI«ANI>S (JAMES). The Carpenters* and Join- 
ers' Assistant: being a Comprehensive Treatise on 
the Selection, Preparation and Strength of Mate- 
rials, and the Mechanical Principles of Framing. 
Illustrated. Folio, half morocco 15 00 

IflPHEIR (FRANCIS £., A. M.). Theorv of Mag- 
netic Measurements, with an appendix on the 
Method of Least Squares. 12mo, cfoth 1 00 

irOAD (HENRT M.). The Students* Text-Book of 
Electricity. A new edition, carefully revised. With 
an Introduction and additional chapters by W. H. 
Preece. With 471 illustrations. 12mo, cloth 4 00 

ITUGENT (E.). Treatise on Optics; or, li^ht and Sight 
theoreticalir and practically treated, with the ajNpU- 
cation to Fine Art and Industrial Pursuits, with 
JOS illustrations. 12mo, doth. 1 60 

O'CONNOR (HENRT). The Gas Engineer's Pocket- 
Book. Comprising Tables, Notes and Memoranda; 
relating to we Manufacture, Distribution and Use 
of Coal Gas and the Construction of Gas Works. 
12mo, full leather, gilt edges.... 8 60 

OUDIN (M. AO* Standard Polyphase Apparatus and 
Systems. With many photo-reproductions, dia- ^ 
grams, and tables. Third edition, revised. 8vo, 
cloth. Illustrated 8 00 

PAGE (DAVID). The Earth's Crust, A Handy Out- 
line of Geology. 16mo,cloth 75 

PAIiAZ (A., ScD.). A Treatise on Industrial Pho- 
tometry, with special application to Electric Light- 
ing. Authorized translation from the French, by- 
George W. Patterson, Jr. Second edition, revueo. 
Bvo,cloth. Illustrated ...400 
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PARSHAIil. (H. F.) and H. M. HO BART. 

Armature Windings of Electric Machines With 140 
full-pag:e plates, 85 tables, and 165 pages of descrip- 
tive letter-press. 4to, cloth 7 60 

PBIRCE (B.)* System of Analytic Mechanics. 4lo, 
cloth 10 00 

PSRRINE (F. A. C, A.M., D.Sc). Conductors 
for Electrical Distribution; their Manufacture and 
Materials, the Calculation of Circuits, Pole-Line 
Construction, Underground Workiiig and other Uses. 

8vo, cloth. Illustrated net 3 50 

Postage 25 

PEBBT (JOHN). Applied Mechanics. A Treatise 
for the use of students who have time to work 
experimental, numerical and graphical exercises 
illustrating the subject. 8vo, cloth. 050 pages., net 2 50 

PHIIililPS (JOSHUA). Engineering Chemistry. A 
Practical Treatise for the use of Analytical CJhem- 
ists. Engineers, Iron Masters, Iron Founders, 
students and others. Comprising methods of Analy- 
sis and Valuation of the principal materials used in 
Engineering works, with numerous Analyses, Exam- 
ples and Suggestions. 814 illustrations. Second 
edition, revised and enlarged. Svo, cloth 4 50 

PICKWORTH (CHAS. N.}. The Indicator Hand- 
book. A Practical Manual for Engineers. Part I. 
The Indicaior: Its Construction and Application. 81 
illustrations. 12mo, cloth 160 

' The Slide Rule. A Practical Manual of Instruc- 

tion for all Users of the Modem Type of Slide Rule, 
exhibiting the Application of the Instrument to the 
Everyday Work or the Engineer,— Civil, Mechanical 
and Electrical. 12mo, flexible cloth. Fifth edition. 80 

PIjLNF TABI.F (THF). Its Uses in Topographical 
Surveying. From the Papers of the United States 
Coast Survey. Illustrated. 8vo, cloth 2 00 

plants: (GASTON). The Storage of Electrical 
Energy, and Researches in the Effects created by 
Currents, combining Quantity with High Tension. 
Translated from the French oy Paul B. Elwell. 89 
illustrations. Svo 4 00 

PIjATTNBR. Manual of Qualitative and Quantitative 
Analysis with the Blow-Pipe. Eighth edition, re- 
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vised. Translated b^ Henry B. Cornwall, E.M., Ph.D., 
assisted by John H. Caswell, A.M. From the sixth 
Qerman edition, by Prof. Friediich Kolbeck. Illus- 
trated with 87 woodcuts. 463 pages. 8vo, cloth . .net 4 00 

PI.Y1IIPTON (Prof. GEO. W)). The Aneroid Ba- 
rometer: its Construction and Use. Compiled from 
several sources. Fourth edition. 16mo, boards. 
Illustrated . . 60 

VOCKET I.OOABITH1IIS, to Four Places of Deci- 
mals, including Logarithms of Numbers, and Loga- 
rithmic Sines and Tangents to Single Minutes. To 
which is added a Table of Natural Sines, Tangents, 
and Co-Tangents. 16mo, boards 80 

POPE (F. li.)* Modem Practice of the Electric Tele- 
graph. A Technical Hand-book for Electricians, 
Muiagers and Operators. Fifteenth edition, rewrit- 
ten and enlarged, and fully illustrated. 8vo, cloth. 1 60 

POPPLEWEIili (W. C.)* Elementary Treatise on 
Heat and Heat Engines. Specially adapted for 
engineers and students of engineering, liimo, cloth. 
Illustrated 3 00 

PO WliES (H. H.). Steam Boilers. Qjx Press.) 

PRAY (Jr., THOMAS). Twenty Years with the 
Indicator; being a Practical Text-Book for the 
Engineer or the Student, with no complex Formulae. 
Illustrated. Svo, cloth 2 50 

■ Steam Tables and Engine Constant. Compiled 
from Begnault, Rankineand Dixon directly , making 
use of the exact records. Svo, cloth 2 00 

PBACTICAI. IRON FOUNDING. By the Author 
of ''Pattern Making,'' &c.^ &c Illustrated with 
over one hundred engravings. 12mo, cloth 1 50 

PREECE (W. H.). Electric Lamps (In Press.) 

PREECE (W. H.)t and STUBBS, A. T. Manual 
of Telephony. Illustrations and plates. 12mo, cloth. 4 60 

PREMIER CODE. (See Hawk, Wm. H.) 

PRESCOTT (Prof. A. B.). Organic Analysis. A 
Manual of the Descriptive and Analytical Chemistry 
of certain Cu>bon Compounds in Common Use; a 
Guide in the Qualitative and Quantitative Analysis 
of Organic Materials in Commercial and Pharma- 
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oeotteal Aaem, in tlie estimatloii of ImporttleB 
mider Antluxiaed Standards, and in Forensic Exam- 
inations for Poisons, with Directions for EtamemcaiT 
Organic Analysis. Fifth edition. 8vo, cloth 5 00 

:PRESCOTT (ProC A. B.). Outlines of Proximate 
Oreanic Analysis, for the Identification, Separation, 
and Quantitative Determination of the more com- 
monly occurring Organic Oompoonds. Fourth edi- 
tion. ISmo, doth 175 

First Book in Qualitative CSIiemistry. Eighth 
edition. 12mo, cloth 160 



and Otis Ooe Johnson. Qualitative Chemical 



Analysis. A Guide in the Practical Studv of Chem- 
istry and in the work of Analysis. Fifth fully re- 
vised edition. With Descriptive Chemistry extended 
throughout net 8 60 

PBITCHABD (O. G.)« The Manufacture of Electric 
Light Carbons. Illustrated. 8vo, paper 60 

V17I<I<£N (W. W. F.). Application of Graphic Meth- 
ods to the Design of Structures. Specially prepared 
for the use of Engineers. 12mo, dloth. Illustrated. 

net 2 60 

PVIiSIFEB (W. H.)* Notes for a History of Lead. 
8vo, cloth, gilt tops 4 00 

PTNCHON (Prof. T. B.)* Introduction to Chemical 
Physics, designed for the use of Academies, Col- 
leges, and High Schools. Illustrated with numerous 
engravings, and containing copious experiments 
with directions for preparmg tnem. New edition, 
revised and enlarged, and illustrated by 269 illustra- 
tlonsonwood. 8vo, cloth 8 00 

BADFOBD (Lieut. CYBUS S.). Hand-book on 
Naval Gunnery. Prepared by Authority of the Navy 
Department. For the use of U. S. Navy, U. S. 
Marine Corps and U. S. Naval Beserves. Revised 
and enlarged, with the assistance of Stokely Morean, 
Lieut. U. 8. N. Third edition. 12mo, flexible leather. 2 00 

BAFTEB (GEO. W.), and M. N. BAKEB. Sew- 
age Disposal in the united States. Illustrations and 
folding plates. Second edition. 8vo, cloth 6 00 

ItABI (GILBEBT S.). The Incandescent Lamp and 
its Manufacture, 8yo, cloth 8 00 
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RANDAIX (J. B.)* A Practical Treatise on the 
Incandescent Lamp. Illustrated. Idmo, cloth M 

BANDAIX (P. M.). Quartz Operator's Hand-book. 
New edition, revised and enlai^^ed, fuUy illustrated. 
12mo. cloth 2 OQ 

BANKINE (W. J. MACQUOBN.) Applied Mechan- 
ics. Comprising the Principles of Statics and Cine- 
maticSf and Theory of Structures, Mechanism, and 
Machines. With numerous diagrams. Fifteenth 
edition. Thoroughly revised by W. J. Millar. 8vo, 
cloth ... 500 

CiTil Engineering. Ck)mprising Engineering Sur- 
veys, Earthwork, Foundations, Masonry, Carpentry, 
Metal Work, Roads, Railw^s, Canals, Kivers, 
Water Works, Harbors, etc. With numerous tables 
and illustrations. Twentieth edition. Thoroughly 
revised by W. J. Millar. 8vo, cloth. . . 6 60 

Machinery and Millwork. Comjprising the Qeom- 

etrv, Motions, Work, Strength, Construction, and 
Objects of Machines, etc. Illustrated with nearly 
800 wood cuts. Seventh edition. Thoroughly revised 
by W. J. Millar. 8vo, cloth 5 00 

The Steam Engine and other Prime Movers. 

With diagram of the Meclumical Properties of 
Steam-folding plates, numerous tables and illustra- 
tions. Thirteenth edition. Thoroughly revised by 
W.J.Millar. 8vo, cloth 5 00 

Useful Rules and Tables for Engineers and 

Others. With appendix, tables, tests, and formulas 
for the use of Electrical Engineers. Comprising 
Submarine Electrical Engineering, Electric Lighting, 
and Transmission of Power. By Andrew Jamleson, 
C. E., F. R S. E. Seventh edition. Thoroughly 
revised by W. J. Millar. Crown 8vo, cloth 4 00 

A Mechanical Text-Book. By Prof. Macquom 

Rankine and E. F. Bamber, C. E. With numerous 
illustrations. Fourth edition. Svo, doth 3 50 

BAPH AlEIi (F. C). [Localisation of Faults in Electric 
LightMains. 8vo,cloth 2 00 

BBCKBNZAUN (A.). Electric Traction on Railways 
and Tramways. 218 illustrations. 12mo. cloth 4 00 
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JUEBD'S BNOINEEBS' HAND-BOOK to the 

Local Marine Board Ezaxninations for Certificates 
of Ck>inj»etenc7 as First and Second Class Engineers. 
^7 W. H. Thorn. With the answers to the Slemen- 
ttsey Questions. Illustrated by 297 diagrams and 86 
large plates. Seventeenth edition, revised and en- 
laiied. 8vo,cloth 5 00 

Key to the Seventeenth Edition of Reed's 
Engineer's Hand-book to the Board of Trade Exami- 
nauons for First and Second Class Engineers and 
oontaining the working of all the questions given in 
the examination papers. By W. H Thorn. 8vo» 
cloth 8 00 

Useful Hints to Sea-going Engineers, and How to 
Bepair and Avoid " Break Downs; " also Appendices 
Containing Boiler Explosions, Useful Formulae, 
etc. With 86 diagrams and 4 plates. Second edition, 
revised and enlarged. 12mo, cloth 160 

Marine Boilers: A Treatise on the Causes and 
Prevention of their Priming, with Bemarks on their 
Oeneral Management. Blustrated. 12mo, cloth... 8 00 

flEINHABDT (CHAS. W.). Lettering for Drafts- 
men, Engineers and Students. A Practical System 
of Free-hand Lettering for Working Drawings. 
Thoroughly revised and largely rewritten. Thir- 
teenth uioii«and. Oblong, boards 1 00 

RICE (J. M.)m and JOHNSON, W. W. On a 

New Method of obtaining the Differential of Func- 
tions, with especial reference to the Newtonian 
Conception of Rates or Velocities. 12mo, paper. ... 50 

BINOWAIiT (J. li.}. Development of Transporta- 
tion Systems in tne United States, Comprising a 
Comprehensive DesCTiptlon of the leading features 
of advancement from the colonial era to the present 
time. With illustrations. Quarto, half morocco. . 7 50 

BIPPEB (WTLLIAM). A Course of Instruction in 
Machine Drawing and Design for Tecdmical Schools 
and Engineer Students. With 68 plates and numer- 
ous explanatory engravings. Folio, cloth 6 00 

BOEBUNG (J. A.)- Long and Short Span Railway 
Bridges. Illustrated with large copperplate 
^ engravings of plans and views. Tmimnal folio, 
cloth 25 00 
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BOOEBS (Prof. H. D.)* The] Gtoology of Penmyl* 
yania, A Gk>yeniment Survey, with a General View 
of the Geology of the United States, essays on the 
Ck>al Formation and its Fossils, and a description of 
the CkMd Fields of North America and Great 
Brltahi. Illustrated with plates and engravings in 
the text. 8 vols., 4to, doth, with portfolio of maps . 15 *00 

BOSS (JOSHUA, M. B.). The Pattem-MaJcers* 
Assistant. Embracing Laxhe Work, Branch Work, 
Core Work, Sweep Work, and Practical Gear Con- 
structions, the PreiMuration and Use of Tools, 
together with a large collection of useful and valu- 
able Tables. Tenth edition. Illustrated with 260 
engravings. 8vo, cloth 2 5( 

— Key to Engines and Engine-running. A Practical 
Treatise upon the Management of Steam En^es 
and Boilers for the Use of Those who Desire to Pass 
an Examination to Taxe Charge of an Engine or' 
Boiler. With numerous illustrations, and instruc- 
tions Upon Engineers* Calculations, Indicators, 
Diagrams, Engine Adjustments, and other Valuable 
Information necessaiy for Engineers and Firemen. 
12mo, cloth 860 

8ABINB (BOBEBT). History and Progress of the 
Electric Telegraph. With descriptions of some of 
the apparatus. Second edition, with additions. 
18mo, cloth 196 

SABI<TZEB (AliBX.). Treatise on Acoustics in con- 
nection with Ventilation. ISmo, doth 100 

SAIiOMONS (Sir DAVID, M. A.). Electric Light 
Installations. A Practical Hand-book. Eighth 
edition, revised and enlarged, with numerous illus- 
trations. Vol. I. The management of Accumula- 
tors. 12mo, cloth 160 

Vol. n.. Apparatus, 296 illustrations. ISmo, cloth. 2 26 
Vol. ni.. Applications.. l:2mo, cloth 1 60 

8ANFOBD (P. OEBAJLD). Nitro-Explosii'et. A 
Practical Treatise concerning the Properties, Manu- 
facture and Analysis of Nitrated Substances, indud- 
> Ing the Fulminates, Smokeless Powders and Cellu- 
loid. 8vo, cloth, 270 pages 8 00 

8AUNMIBB (CLAUDIUS). Watchmaker's Hand- 
book. A Workshop Companion for those engaged 
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in iy«toiiHi«iritig mau% mjnuA y^rfc^afnai kr*^ Trans- 
lated bj J. Tiipplln and E. Bigs. Second edition, 
revised with appendix. 12nio,^oth S 80 

SOHKIXEN (Dr» H.). Magneto-Eleetrie and Qynamo- 
EJeetrie Machines; their Oonstracti(Hi and Practical 
Application to Electric lisfatiniiri And the Transmis- 
sion of Power. Translated from the third German 
edition, bj N. S. Keith and Percy Neymann, Ph. P. 
With TBry large additions and notes relating to 
American Machines, by N. S. Keith. VoL L, with S58 
fllostrations. Second edition 5 00 

80HU1KANN (F.). A Manual of Heating and Venti- 
lation in its Practical Application, for the use of 
Engineers and Architects. Embracing a series of 
Tables and Formuls for dimensions of heating, flow 
and return pipes for steam and hot-water boilers, 
flne8,etc. 12mo, illustrated, full rcMui 160 

8CBIBNEB (J. M.)« Engineers^ and Mechanics' 
Oompanion. Ctomprising United States Weifrhts and 
Measures. Mensuration of Superflces and Solids, 
Tables of Squares and Cubes. Square and Cube Roots, 
Circumference and Areas of Circles, the Mechanical 
Powera. Centres of Qravity, Gravitation of Bodies, 
Pendulums, Specific Gravity of Bodies, Strength, 
Weight, and Crush of Materials, Water-Wheels, 
Hydrostatics, Hydraulics, Statics, Centres of Per- 
cussion and Gyration, Friction Heat, Tables of the 
Weight of Metals, Scantling, etc., Steam and the 
Steam Enghie. Twentieth edition revised. 16mo, 
fuUmorocco 1 50 

SBATON (A. E.). A Manual of Marine Engineering. 
Comprising the Designing, Construction and Work- 
ing of Marine Machmeiy. With numerous tables 
and illustrations reduced from Working Drawings. 
Fourteenth edition. Revised throughout, with an 
additional chapter on Water Tube Boilers. 8vo., 
cloth ..600 



and ROUNTHWAITE ( H. M.). A Pockets 



book of Marine Engineering Rules and Tables. For 
the use of Marine Engineers and Naval Architects. 
Designers, Draughtsmen, Superintendents, and all 
engaged in the design and construction of Marine 
Machinery, Naval and Mercantile. Fifth edition, 
revised and enlarged. Pocket size. Leather, witii 
diagrams. 12mo. morocco Illustrated. 3 00 
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SEXTON (A. HVMBOIiDT). Fuel and Refractory 
Materials. 8to, cloth 2 00 

SHIEIiDS (J. BO* Notes on Engineering Copstnic- 
tion. Embracing Discussions of the Principles 
involved, and Descriptions of the Material employed 
in Tunnelling, Bridging, Canal and Road Building, 
etc. 12mo, cloth 150 

SHOCK (WM. H.). Steam Boilers: Their Design, 
Construction and Management. 4to, half morocco. 16 00 

SHREVE (S. H.). A Treatise on the Strength of 
Bridges and Roofs. Comprising the determination 
of Algebraic formulas for strains in Horizontal, 
Inclined or Rafter, Triangular, Bowstring, Lenticu- 
lar, and other Trusses, from fixed and moving loads, 
with practical applications and examples, for the 
use of Students and Engineers. 87 woodcut illus. 
Fourth edition. 8vo, cloth. 8 50 

SHUNK (W. F.). The Field Engfaieer. A Handy 
Book of practice in the Survey, Location, and Truck- 
work of Railroads, containing a large collection of 
Rules and Tables, original and selected, applicable 
to both the standard and Narrow Gauge, and pre- 
pared with special reference to the wants of the 
young Engineer. Fourteenth edition, revised and 
enlarged. 12mo, morocco, tucks 8 60 

SIMMS (F. W.)* A Treatise on the Principles and 
Practice of Levelling. Showing its application to 
purposes of Railway Engineering, and the Con- 
struction of Roads, etc. Revised and corrected, 
with the addition of Mr. Laws* Practical Examples 
for setting out Railway Curves. Dlustrated. 8vo, 
cloth.... S50 

' IMMS CW. F.). Practical Tunnelling. Fourth edition, 
revised and greatly extended. With additional 
chapters illustrating recent practice by D. Kinnecur 
Clark. With 36 plates and other illustrations. Im- 
perial 8vo, cloth 12 00 

SLATEB (J. W.). Sewage Treatment, Purification, 
and Utilization. A Practical Manual for the Use of 
Corporations, Local Boards, Medical OfElcers of 
Health, Inspectors of Nuisances, Chemists, Manu- 
facturers, Riparian Owners, Engineers, and Rate- 
payers. 12mo,cloth 2 21 
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SMITH (ISAAC W*. C. 1B.)» The Theory of Dpfleo- 
tioni and of Latitudes and Departures. With special 
applicationt to CunrUJuear Surveys, for Aligmnents 
of Railway Tracks. Illustrated. 16mo, morocco, 
tucks 8 OQ 

SNBIX (AI^BION T.). Electric Motive Power: The 
Transmission and Distribution of Electric Power by 
Continuous and Alternate Currents With a Section 
on Uie Applications of Electricity to Mining Work. 
Second edition. Syo, cloth, illustrated 4 (X^ 

SPBTERS (CliABKNOB !«.)• Tezt-Book of Physi- 
cal Chemistry. 8TO,cloth 2 86^ 

STAHL (A. W.)* and A. T. WOODS. Elementary 
Mechanism. A Tezt-Book for Students of Mechanical 
Engineering. Eleventh ediuou, enlarged. Idmo, 
^oOi 2 00 

STAXET (CADT), and PrEBSON, GEO. S. The 

Separate System of Sewerage: its Theory and Con- 
struction. Third edition, revised. 8vo, cloth. With 
maps, plates and illustrations 3 00 

STEVENSON (DATID, F.B.S.N.). The Princi^es 
and Practice of Canal and Biver Engineering. Be- 
vised by his sons David Alan Stevenson, B. ^^c., F. B 
S.E., and Charles Alexander Stevenson, B. Sc., F.R. 
S.E., Civil Engineer. Third edition, with 17 plates, 
8vo, cloth 10 Oa 

The Design and Construction of Harbors, A 

Treatise on Maritime Engineering. Third edition 
with24plate8, 8vo, cloth 10 00 

STEWABT (B. W.). A Text Book of light. Adapted 
to the Requirements of the Intermediate Science 
and Prelimmary Scientific Examinations of the Uni- 
versity of London, and also for General Use, 
Numerous Diagrams and Examples. 12mo, cloth. . 1 OO 

STB W ABT (B. W.). A Text Book of Heat, Illus- 
trated, Svo, cloth 1 00 



A Text Book of Magnetism and Electricity, 160 



nius. and Numerous Examples. 12mo, cloth 1 OO- 

STUJSS (AMOS). Tables for Field Engineers. De- 
signed for use in the field. Tables containing all 
the functions of a one degree curve, from which a 
corresponding one can be found for any required 
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degree. Also, Tables of Natural Sines and Tangents. 
12mo, morocco, tucks 2 00 

8TIIXMAN (PAUIO* Steam Engine Indicator and 
the Improved Manometer Steam and Vacuum 
Gauges; their Utilitj and AppUoation. New edition. 
12mo, flexible doth.. 1 M 

STONIS (General BOT). New Beads and Boad Laws 
in the United States. 200 pages, with numerous 
illustrations. 12mo. cloth... 100 

STUABT (G. B., U. S. N.). lives and Works of OivU 
and Military Engineers of America. With 10 steel- 
plate engravings. 8vo» cloth . .6 00 

■ The Naval Dry Docks of the United States. Illus- 
trated with 24 fine Engravings on SteeL Fourth 
edition. 4to, cloth 6 00 

SWINTON (ALAN A. CAMPBBIX). The Elemen- 
tary Principle of Electric Lighting. Illustrated. 
12mo, cloth 00 

TBMPLBTON (WM.). The Practical Mechanic's 
Work-shop Companion. Comprising a great variety 
of the most useful rules and formulas in Mechanical 
Science, with numerous tables of practical data and 
calculated results facilitating mechanical opera- 
tions. Revised and enlarg^ by W. S. Hutton. 
ISmo, morocco 2 00 

THOM rCHAS.)* and WILLIS H. JONBS. Tele- 
CTaphic Connections: embracing Recent Methods in 
Quadruplez Telegraphy. Oblong, 8vo, cloth. 20 full 
page plates, some colored 1 50 

THOMPSON (BDWABD P., M. B.)* How to 
Make Inventions; or. Inventing as a Science and an 
Art. A Practical Quide for Inventors. Second 
edition. 8vo, boards 1 00 

''— Roentgen Rays and Phenomena of the Anode and 
Cathode Principles, Applications and Theories. 
For Students, Teachers, Physicians, Photographers, 
Electricians and others. Assisted by Louis M. 
Pignolet, N. D. C. Hodges, and Ludwig Gutmann, E« 
E. With a Chapter on Generalizations, Arguments, 
Theories, Kindred Radiations and Phenomena. By 
Professor Wm. Anthony. 8vo, cloth. 50 Diagrams, 
40 Half tones 150 



36 D. VAN NOSTRAND COMPANY'S 



TODD (JOHN^, and W. B. WHAIX. Practical 
Seamanship for Use in the Merchant Service : Includ- 
ine all ordinary subjects; also Steam Seamanship, 
"Wreck Lifting, Avoiding Collision, Wire Splicing, Dis- 
placement, and everything necessary to be Imown 
by seamen of the present day. Second edition, witii 
S47 illustrations and diagrams. 8vo, cloth 8 00 

TOOTHED GEARING. A Practical Hand-book for 
Offices and Workshops. By a Foreman Pattern- 
maker. 184 niustrationt. 'i2mo, cloth 2 25 

TBATMAN (E. E. BUSSEIX). Railwav Track and 
Track Work. With over two hundred iUustrations. 
8vo, cloth ^00 

TBEYERT (EDWABD). How to Build Dynamo 
Electric Machinery, embracing Theory Designink- 
and C!onstruction of Dynamos and Motors, with 
appendices on Field Magnet and Armature Winding, 
management of Dynamos and Motors, and Useful 
Tables of Wire Gauges. Illustrated. 8vo, cloth ... 2 60 

— Electricity and its Recent Applications. A Prac- 
tical Treatise for Students and Amateurs, with an 
Illustrated Dictionary of Electrical Terms and 
Phrases. Illustrated. 12mo,cloth 2 00 

TUCKER (Dr. J. H.)* A Manual of Sugar Analysis, 
including the Applications in General of Analytical 
Methods to the Sugar Industry. With an Introduc- 
tion on the Chemistry of Cane Sugar. Dextrose, 
Levulose, and Milk Sugar. 8vo, cloth. Illustrated. 8 50 

TUMIilRZ (Dr. O.). Potential and its Application to 
the Explanation of Electric Phenomena, Popularly 
Treated. Translated from the German by D. Robert- 
son. Illustrated. 12mo, cloth 125 

TUNNER (P. A.). Treatise on RoU-Turnlng for the 
Manufacture of Iron. Translated and adapted by 
John B. Pearse, of the Pennsylvania Steel Works, 
with numerous engravings, wood-cuts. 8vo, cloth, 
with folio atlas of plates 10 00 

URQUHART (J. W.). Electric Light Fitting. Em- 
bodying Practical Notes on Installation Management. 
A Hand-book for Working Electrical Engueers— 
with numerous illustrations. 12mo, cloth 2 00 

Electro>Plating. A Practical Hand-book on the 

Deposition of Copper, Silver, Nickel, Gold, Brass, 
Aluminum, Platinum, etc. Fourth edition. 12mo. . 2 00 
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URQUHABT^ (J. W.). Dynamo Construo-tion : a 
Practical Hand-book for tne Use of Eagineer Con- 
fltmctors and Electricians in Charge, embracing 
Frame Work Building, Field Magnet and Armature 
Winding and Grouping, Compounding, etc., with 
Examples of Leading English, American and Con- 
tlnental Dynamos and Motors, with numerous illus- 
rations. 12mo.cloth 8 00 

Electric Ship Lighting. A Hand-book on the 
Practical Fitting and Running of Ship's Electrical 
Plant. For the Use of Ship Owners and Builders, 
Marine Electricians and Sea Going Engineers-in- 
C^arge. Numerous illustrations. ISmo, cloth .... 3 00 

UNIVERSAL TELEGRAPH CIPHER CODE. 

Arranged for General Correspondence. 12mo, cloth. 1 00 

TAN NOSTRAND*S ENGINEERING MAGA- 
ZINE. Complete sets, 1860 to 1886 inclusive. 

Complete sets, 36 vols., in cloth .. 60 00 

Complete sets, 35 vols., in half morocco 100 00 

TAN WAGENEN (T. F.). Manual of E^drauUo 
Mining. For the Use of the Practical Miner. 
Revised and enlarged edition. 18mo, cloth 1 00 

WALKER (SIDNEY F.). Electric Lighting for 
Marine Engineers, or How to Light a Snip by the 
Electric light and How to Keep the Apparatus in 
Order. 108 illustrations. Svo, cloth. Second edition. 2 00 

WALUS-TAYLER (A. J.). Modem Cycles. A 
Practical Hand-book on their Construction and 
Repair. With 800 illustrations. 8vo, cloth. 4 00 

Motor Cars, or Power Carriages for Common 

Roads. 8vo, doth, with numerous illustrations 1 80 

Bearings and Lubrication. A Hand-book for 

every user of Machinery. 8vo, cloth, fully illus- 
trated 160 

— Refrigeration and Cold Storage, and Ice-making. 
A practical treatise on the art and science of refrig- 
eration. With 861 cuts and diagrams. 8vo. Cloth. 
Ulustmted net 4 60 

-— — Sugar Machinery. A Descriptive Treatise devoted 
to the Machinery and Apparatus used in the Manu- 
facture of Cane and Beet Sugars. 12mo, cloth. 
Illustrated ^ 8 Of 
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(J. A.)* A Practical Treatise on the 
Eraminntion of Milk and its Derivatives, Cream, 
Bu|ter, and Cheese. 12mo, cloth 1 00 

Water Analysis. A Practical Treatise on the 



Examination of Potable Water. Tenth Edition. 
12mo,cloth 2 00 

WANSBROUOH (WM. D.)- The A. B. C. of the 

Differential Calculus. 12mo, cloth 1 50 

"WABD (J. H.). Steam for the Million. A Popular 
Trea'ise on Steam, and its application to the Useful 
Arts, especially to Navigation. 6vo, cloth 1 00 

WABINO (GEO. E., Jr.). Sewerage and Land 
Drainage. Illustrated with wood-cuts in the text, 
and full-page and folding plates. Quarto. Cloth. 
Third edition 6 00 

Modern Methods of Sewage Disposal for Towns, 

Public Institutions and Isolated Houses. Second 
'^edition, revised and enlarged. 260 pages. Illus- 
trated. Cloth 2 00 

How to Drain a House. Practical Information 



for Householders. New and enlarged edition. 12mo, 
doth 125 

WATSON (B. P.). Small Engines and Boilers. A 
Manual of Concise and Specific Directioos for the 
Construction of Small Steam Engines and Boilers of 
Modem Types from five Horse-power down to model 
sizes. ISmo, cloth. Illustratea with Numerous Dia- 
grams and Half Tone Cuts. New York, 1899 1 2S 

WATT (AliEXANDEB). The Electro-plating and 
Electro-refining of Metals : being a new editfon of 
Alexutider WatVs ** Electro-deposition." Revised 
and largely rewritten by Arnold Philip, B.Sc. With 
numerous figures and engravings. 8vo. Cloth. II- 
lustrated net 4 60 

Electro-Metallurgy Practically Treated. Tenth 

edition, considerably enlarged. ISmo, cloth 1 00 

— The Art of Soap-Making. A Practical Hand-book 
of the Manufacture of Hard and Soft Soaps, ToOet 
Soaps, &C. Including many New Processes, and * 
Ghi^pter on the Recovery of Glycerine from Waste 
Leys. With illustrations. Fourth edition, revised 
and enlarged. 8vo 8 00 
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WATT ( AUBXANDEB). The Art of Leather Manu- 
facture. Being a Practical Hand-book, in which 
the Operations of Tannine, Currying, and licather 
Dressing are Fully Described, and the Principles of 
Tanning Explained, and many Recent Processes 
Introduced. With numerous illustrations. Second 
edition. 8vo, cloth 4 00 

WBAXB (JOHN). A Dictionary of Terms Used in 
Architecture, Building, Engineering, Mining, Metal- 
lurgy. Archaeology, the Fine Arts etc., with explana- 
tory observations connected with applied Science 
and Art. Fifth edition, revised and corrected. 12ino, 
cloth 2 50 

Weale*s Rudimentary Scientific Series (Catalogue 

sent on application). 

WEBB (HERBERT I.AWS). A Practical Guide to 
the Testing of Insulated Wires and Cables. Illus- 
trated. 12mo, cloth 1 00 

The Telephone Hand-book. 128 illustrations. 

146 pages. 16mo, cloth .. 100 

WEEKES (R. W.). The Design of Alternate Current 
Transformers, illustrated, liimo. cloth 1 00 

WEISBACH (JULIUS). A Manual of Theoretical 
Mechanics. Ninth American edition. Translated 
from the fourth augmented and improved (^rman 
edition, with an Catroduction to tne Calculus by 
Eckley B, Coxe, A. M., Mining Engineer. l,100pages, 

and 902 wood-cut illustrations. 8to, cloth 6 00 

Sheep 7 60 

WESTON (EDMUND B.). Tables Showing Loss of 
Head Due to Friction of Water in Pipes. Second 
edition. 12iuo, leather 150 

WEYMOUTH (F. MARTEN). Drum Armatures 
and Commutators. ( Theory and Practice.) A com- 
plete Treatise on the Theory and Construction of 
Drum Winding, and of commutators for closed-coil 
armatures, together with a full resume of some of 
the principal points involved in their design, and an 
exi>OBition of armature re-actions and sparking. 
8vo, cloth >. 800 

WHITE (W. H., K.C.B.). A Manual of Naval Archi- 
tecture, for use of Oflftcers of the Royal Navy, Offi- 
cers of the Mercantile Marine, Yachtsmen, Ship- 
owners and Shipbuilders. Containing many figures, 
diagrams and tables. Thick 8vo, cloth, illus 00 
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''WHEBIilEB (Prof. J. B.)< Art of War. A Course 
of Instnictioii in the Elements of the Art and 
Science of War, for the Use of the Cadets of the 
United States Military Academy, West Point, N. Y. 

lJhno,cloth 175 

« Field Fortifications. The Elements of Field Forti- 
fications, for the Use of the Cadets of the United 
States Hilitaiy Academy, West Point, N. T. 12mo. 1 7S 

^WHIPPIiB (S., C. IS.). An Elementary and Practical 

Treatise on Bridge Building. 8vo. doth 8 00 

'WU.KINSON (H. D.). Suhmarine Cable-Laying, 
B epairtog and Testing. 8to, cloth 4 00 

WUXIAMSON (B. S.). On the Use of the Barome- 
ter on Surveys and Beconnoisbances. Parti. Mete- 
orology in its Connection with Uypsometrjr. Part IL 
Barometric Hypsometry. With lilustratiYe tables 
and engravings, 4to, cloth 16 00 

WnxiAMSON (B. ».)• Practical Tables in Meteo- 
rology and HpBomeUy, in connection with the use 

^of the Barometer. 4to, cloth 8 60 

WUiSON (OBO.)« Inorganic Chemistry, with New 
Notation. Revised and enlarged by H. Q. Madan. 
Newedition. ISmo, cloth 8 00 

^WOODBUBT (D. V.). Treatise on the Various Ele- 
ments of Stability in the Weil-Proportioned Arch. 
8 vo, half morocco 400 

WBIGHT (T. W.). A Treatise on the Adjustment of 
Observations. With applications to Geodetic Work, 

and other Measures of Precision. 8vo, cloth 4 00 

Elements of Mechanics; including Kinematics, 
K inetics and Statics, ^ith application. 8vo, cloth. . 8 60 

WTIilB (CIjAUDB). Iron and Steel Founding. Illus- 
trated with 80 diagrams. Second edition, revised 
and enlarged. Bvo, cloth... 8 00 

TOUNO cJ. EI^TON). Electrical Testing for Tele- 
graph I^gineers, with Appendices consisting of 
Tables. 8vo, cloth. Illustrated 4 00 

YOUNG SEAMAN'S MANUAI.. Compiled from 
Various Authorities, and Dlustrated with Numerous 
Original and Select Designs, for the Use of the 
United States Training Ships and the Marine 
Schools. 8vo, half roan 8 00 

.ZIPSEB (JULIUS). Textile Baw Materials, and their 
Conversion into Tarns. Translated from the Ger- 
man by Chas. Salter. 8vo, cloth. Illustrated ...... 5 00 
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No. 45. THE:R]»I0-DYNAMICS. .New edition, in 

'press. 

No. 40. ICB-MAKING MACHINES. From the 

French of M. Le Doux. Revised by Prof. 
J. E. Denton, D. S. Jacobus, and A. Riesen- 
berger. Sixth edition, revised. 

No. 47. LINKAGES I THE3 DIFPERE2NT FORMS 

and Uses of Articulated Links. By J. D. C. 
De Roos. 

No. 48. THEORY OF SOLID AND BRACED 

Elastic Arches. By William Cain, C.E. 

No. 49. MOTION OF A SOLID IN A FLUID. By 

Thomas Craig, Ph.D. 

No. 50. DWELLING-HOUSES: THEIR SANI- 

tary Construction and Arrangements. By 
Prof. W. H. Corfield. 

No. 51. THE . TELESCOPE: OPTICAL PRINCI- 

ples Involved in the Construction of Re- 
fracting and Reflecting Teles<4opes, with a 
new chapter on the Evolution of the Mod- 
ern Telescope, and a Bibliography to date. 
With diagrams and folding plates. By 
Thomas Nolan. Second edition, revised and 
enlarged. 

No. 52. IMAGINARY QUANTITIES: THEIR GE- 

ometrical Interpretation. Translated from 
the French of M. Argand by Prof. A. S. 
Hardy. 

No. 53. INDUCTION COILS: HOW MADE AND 

How Used. Eleventh American edition. 

No. 54. KINEMATICS OF MACHINERY. • By 

Prof. Alex. B. W. Kennedy. With an intro- 
duction by Prof. R. H. Thurston. 

No. 55. SEWER GASES: THEIR NATURE AND 

Origin. By A. de Varona. Second edition, 
revised and enlarged. 

No. 56. THE ACTUAL LATERAL PRESSURE 

of Earthwork. By Benj. Baker, M. Inst., 
C.E. 

No. 57. INCANDESCENT ELECTRIC LIGHTING. 

A Practical Description of the Edison Sys- 
tem. By L. H. Latimer. To which is added 
the Hesign and Operation of Incandescent 
Stations, by C. J. Field; and the Maximum 
Efficiency of Incandescent Lamps, by John 
W. Howell. 

No. 58. VENTILATION OF COAL MINES. By W^. 

Fairley, M.E., and Geo. J. Andre. 
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No. 59. RAILROAD ECONOMICS j OR, NOTBS 

With Comments. By S. W. Robinson, G.E. 

No. 60. STRENGTH OF WROUGHT-IRON 

Bridge Members. By S. W. Robinson, C.E. 

No. 61. potable: Tl^ATESR, AND METHODS OF 

Detecting Impurities. By M. N. Baker. Sec- 
ond, ed., revised and enlarged. 

No. 62. THEORY OF THE GAS-ENGINE. By 

Dougald Clerk. Third edition. With addi- 
tional matter. Edited by F. E. Idell, M.E. 

No. 63. HOUSE-DRAINAGE AND SANITARY 

Plumbing. By W. P. Gerhard. Twelfth edi- 
tion. 

No. 64. ELECTRO-MAGNETS. By A. N. Mans- 
field. 

No. 65. POCKET LOGARITHMS TO FOUR 

Places of Decimals. Including 'Logarithms 
of Numbers, etc. 

No. 66. DYNAMO-ELECTRIC MACHINERY. By 

S. P. Thompson. With an Introduction by 
F. L. Pope. Third edition, revised. 

No. 67. HYDRAULIC TABLES FOR THE CAL- 

culation of the Discharge through Sewers, 
Pipes, and < onduits. Based on "Kutter's 
Formula." By P. J. Flynn. 

No. 68. STEAM-HEATING. By Robert Brlsgrs. 

Third edition, revised, with additions by 
A. R. Wolff. 

No. Q9. CHEMICAL PROBLEMS. By Prof. J. C. 

Foye. Fourth edition, revised and en- 
larged. 

No. 70. EXPLOSIVE MATERIALS. By Lieut. 

John P. Wisser. 

No. 71. DYNAMIC ELECTRICITY. By John 

Hopkinson, J. N. Shoolbred, and R. E. Day. 

No. 72. TOPOGRAPHICAL SURVEYING. By 

George J. Specht, Prof. A. S. Hardy, John B. 
McMaster, and H. F. Walling. Third Edition, 
revised. 

No. 73. SYMBOLIC ALGEBRA; OR. THE ALGE- 

bra of Algebraic Numbers. By Prof. Wil- 
liam Cain. 

No. 74. TESTING MACHINES t THEIR His- 
tory, Construction and Use. By Arthur V. 
Abbott. 
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No. 76. RJBCBNT PROGRESS IN DYNAAIO- 

electric Machines. Being a Supplement tc 
"Dynamo-electric Machinery." By Prof, 
Sylvanus P. Thompson. 

No. 76. MODE2RN REPRODUCTIVE GRAPHIC 

Processes. By Lieut. James S. Pettit, U.S.A. 

No. 77. STADIA SURVEYING. The Theory of 

Stadia Measurements. By Arthur Winslow, 
Sixth edition. 

No. 78. THE STEAM-ENGINE INDICATOR 

and Its Use. By W. B. Le Van. 

No. 79. THE FIGURE OF THE EARTH. By 

Frank C. Roberts, C.E. 

No. 80. HEALTHY FOUNDATIONS FOR 

Houses. By Glenn Brown. 

Jio, 81. WATER METERS: COMPARATIVE 

Tests of Accuracy, Delivery, etc. Distinc- 
tive features of the Worthington, Kennedy, 
Siemens, and Hesse meters. By Ross E. 
Browne. 

No. 82. THE PRESERVATION OF TIMBER BY 

the Use of Antiseptics. By Samuel Bagster 
Boulton, C.E. 

No, 83. MECHANICAL, INTEGRATORS. By Prof. 

Henry S. H. Shaw, C.E. 

No. 84. FLOW OF WATER IN OPEN CHAN- 

nels. Pipes, Conduits, Sewers, etc. With Ta- 
bles. By P. J. Flynn, C.E. 

No. 85. THE L.UMINIFEROUS AETHER. By 

Prof. De Volson Wood. 

No. 86. HANDBOOK OF MINERALOGY! DE- 

termination, Description, and Classification 
of Minerals Found in the United States. By 
Prof. J. C. Foye. Fifth edition, revised. 

No. 87. TREATISE ON THE THEORY OF THE 

Construction of Helicoidal Oblique Arches. 
By John L. Culley, C.E. 

No. 88. BEAMS AND GIRDERS. Practical For- 
mulas for their Resistance. By P. H. Phil- 
brick. 

No. 89. MODERN GUN COTTON: ITS MANU- 

facture, Properties, and Analyses. By Lieut. 
John P. Wisser, U.S.A. 

No. 90. ROTARY MOTION AS APPLIED TO 

the Gyroscope. By Major J. G. Barnard. 



No. 01. LEVELING: BAROMETRIC, TRIGONO- 

metric, and Spirit. By Prof. I. O. Baker. 
Second edition. 

No. 92. PETROLEUM I ITS PRODUCTION AND 

Use. By Boverton Redwood, F.I.C., F.C.S. 

No. 93. RECENT PRACTICE IN THE SANI- 

tary Drainage of Buildings. With Memo- 
randa on the Cost of Plumbing Work. Sec- 
ond edition, revised and enlarged. By Wil- 
liam Paul Gerhard, C.E. 

No. 94. THE TREATMENT OP SEWAGE. By 

Dr. C. Meymott Tidy. 

No. 95. PLATE-GIRDER CONSTRUCTION. By 

Isami Hiroi, C.E. Fourth edition, revised. 

No. 96. ALTERNATE CURRENT MACHINERY. 

By Gisbet Kapp, Assoc. M. Inst., C.E. 

No. 97. THE DISPOSAL OP HOUSEHOLD 

Wastes. Second edition. By W. Paul Ger- 
hard, Sanitary Engineer. 

No. 98. PRACTICAL DYNAMO-BUILDING POR 

Amateurs. How to Wind for Any Output. 
By Frederick Walker. Fully illustrated. 
Third edition. 

No. 99. TRIPLE-EXPANSION ENGINES AND 

Engine Trials. By Prof. Osborne Reynolds. 
Edited with notes, etc., by F. E. Idell, M.E. 

No. 100. HOW TO BECOME AN ENGINEER; or. 

The Theoretical and Practical Training nec- 
essary in Fitting for the Duties of the Civil 
Engineer. By Prof. Geo. W. Plympton. 

No. 101. THE SEXTANT, and Other Reflecting 

Mathematical Instruments. With Practical 
Hints for their Adjustment and Use. By F. 
R. Brainard, U. S. Navy. 

No. 102. THE GALVANIC CIRCUIT INVESTI- 

gated Mathematically. By Dr. G. S. Ohm, 
Berlin, 1827. Translated by William Fran- 
cis. With Preface and Notes by the Editor, 
Thomas D. Lockwood, M.I.E.E. Second edi- 
tion. 

No. 103. THE MICROSCOPICAL EXAMINATION 

of Potable Water. With Diagrams. By Geo. 
W. Rafter. Second edition. 

No. 104. VAN NOSTRAND'S TABLE-BOOK FOR 

Civil and Mechanical Engineers. Compiled 
by Prof. Geo. W. Plympton. 
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No. 105. DETERMINANTS. An Introdnctlon to 

the Study of, with Examples and Applica- 
tions. By Prof. G. A. Miller. 

No. 106. COMPRESSED AIR. Experiments npon 

the Transmission of Power by Compressed 
Air in Paris. (Popp's System.) By Prof. 
A. B. W. Kennedy. The Transmission and 
Distribution of Power from Central Stations 
by Compressed Air. By Prof. W. C. Unwin. 
Edited by F. E. Idell. Third edition. 

No. 107. A GRAPHICAL METHOD FOR SWING 

Bridges. A Rational and Easy Graphical 
Analysis of the Stresses in Ordinary Swing 
Bridges. With an Introduction on the Gen- 
eral Theory of Graphical Statics, with Fold- 
ing Plates. Second edition. By Benjamin F. 
La Rue. 

No. 108. SlilDE-VALVE DIAGRAMS. A French 

Method for Constructing Slide-valve Dia- 
grams. By Lloyd Bankson, B.S., Assistant 
Naval Constructor, U. S. Navy. 8 Folding 
Plates. 

No. 109. THE MEASUREMENT OF ELECTRIC 

Currents. Electrical Measuring Instruments. 
By James Swinburne. Meters for Electrical 
Energy. By C. H. Wordingham. Edited, 
with Preface, by T. Commerford Martin. 
With Folding Plate and Numerous Illustra- 
tions. 

No. 110. TRANSITION CURVES. A Field-book 

for Engineers, Containing Rules and Tables 
for Laying out Transition Curves. By Wal- 
ter G. Fox, C.E. Second edition. 

No. 111. GAS-LIGHTING AND GAS-FITTING. 

Specifications and Rules for Gas-piping. 
^ifotes on the Advantages of Gas for Cook- 
ing and Heating, and Useful Hints to Gas 
Consumers. Third edition. By Wm. Paul 
Gerhard, C.E. 

No. 112. A PRIMER ON THE CALCULUS. By 

E. Sherman Gould, M. Am. Soc. C. E. Third 
edition, revised and enlarged. 

No. 113. PHYSICAL PROBLEMS and Their So- 
lution. By A, Bourgougnon, formerly As- 
sistant at Bellevue Hospital. Second ed. 

No. 114. USE OF THE SLIDE RULE. By 

F. A. Halsey, of the "American Machinist." 
Fourth edition, revised and enlarged. 
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No. 117. PRACTICAL HYDROSTATICS, AND 

Hydrostatic Formulas. With Numerous Il- 
lustrative Figures and Numerical Examples. 
By E. Sherman Gould. 

No. 118. TREATMENT OF SEPTIC SEWAGE, 

with Diagrams and Figures. By Geo. W. 
Rafter. 

No. 110. L.AY-OUT OP CORLISS VALVE GEARS. 
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